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About Málaga

• Over 300 sunny days per year (known as Costa del Sol)
• University of Málaga was stablished in 1972 and currently has 40000 students

and 2500 faculty members
• Málaga is becoming the Silicon Valley of the south of Spain
• Andalusia Technology Park includes over 600 companies (Oracle, Ericsson,

IBM, TDK, Huawei, Microsoft, Cisco), 20.000 employees and a turnover of
2.000 M in 2018
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About OASYS

• Optimization and Analytics for Sustainable energY Systems

• Established in 2018

• 2 professors, 2 Postdoc, 3 PhD students, 3 research assistants

• Research topics:

Mathematical models for decision-making under uncertainty

Use of large amounts of data for Smart Energy Grids

Forecasting and optimization for Sustainable Energy Systems

Algorithms for the efficient solution of large-scale optimization problems

Game theory for the analysis of energy markets

• More info: oasys.uma.es
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Introduction: Conditional Stochastic Problem

Solve

J∗ := inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
= EQΞ̃

[f (x, y)]

with optimal solution x∗.
• The decision variable x ∈ X ⊆ Rn.
• A random vector y with support set Ξy ⊆ Rdy , whereby we model the

uncertainty affecting the value of the decision. Example: demand...
• Covariates (or features) modeled by a random vector z with support set

Ξz ⊆ Rdz . Example: weather forecast, hashtag twitter...
• Side information: Ξ̃ = {(z, y) : z = z0}
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Introduction: Conditional Stochastic Problem

• At 10 am we have to decide how much ice
cream to make (decision x)
• At 10 am we do not know the demand in the

afternoon (uncertain parameter y)
• We can use some available information such as

the temperature at 10 am (contextual data z)
• Obviously there is a relationship between the

morning temperature (z) and the ice cream
demand in the afternoon (y).
• We would like to use such a relation to make

better decisions about ice cream quantity
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Introduction: Conditional Stochastic Problem

Fundamental challenge
• The true joint distribution Q and the true conditional distribution QΞ̃ are

unknown!
• All that we have is a data sample of size T , i.e., (zt , yt)Tt=1.

Goal

We want to exploit the info on the features, z0 (the context), in our favor to
prescribe better decisions.
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Some possible solution approaches

(Traditional) Forecasting

Compute ŷ(z0) ≈ E[y|z = z0] in the hope that

(arg) inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
≈ (arg) inf

x∈X
f (x, ŷ(z0))

Uncertainty, and thus its impact, are ignored.

Decision rule

Find x̂∗(·) : Ξz −→ X such that

arg inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
≈ x̂∗(z0)

The image of x(·) should be a subset of X to guarantee decision feasibility.
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Some possible solution approaches

Smart predict

Find ŷ(·) : Ξz −→ Ξy (very possibly different from E[y|z]) such that

(arg) inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
≈ (arg) inf

x∈X
f (x, ŷ(z0))

Approximate conditional distribution QΞ̃

Take Q̂Ξ̃ as a proxy of QΞ̃ in the hope that

(arg) inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
= (arg) inf

x∈X
EQΞ̃

[f (x, y)] ≈ (arg) inf
x∈X

EQ̂Ξ̃
[f (x, y)]

In any case, we must infer from the data sample (zt , yt)Tt=1
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Some possible solution approaches
Parametric approach
(bilevel optimization)

Non-parametric approach
(distributionally robust optimization)
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A parametric family of functions

• Forecasting approach (FO)

learns the relation between y and z ignoring f and X

• Decision rule approach (DR)

learns the relation between x∗ and z

• Bilevel approach (BL)

learns the relation between y and z taking into account f and X
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Application: strategic producer

The optimal quantity of a strategic producer (x∗) can be determined as:

x∗ = arg min
x≤x≤x

x2 − yx

where y is an uncertain parameters that depends on market conditions

x y
2

x

x∗ = y
2

xy
2

x

x∗ = x

x y
2

x

x∗ = x
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Illustrative example
t zt yt yt/2 x∗t
1 1 0.50 0.25 0.25
2 4 2.33 1.16 1.00
3 5 2.43 1.21 1.00
4 10 1.88 0.94 0.94

0 ≤ x ≤ 1

yt

zt0

2

x∗t

zt0

1

Income = 21.16 (100%)
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Forecasting approach (FO)

• We assume a linear function: ŷt = a + bzt

• We compute a, b to minimize errors as follows:

a∗, b∗ = arg min
a,b

∑
t∈T

(yt − (a + bzt))2

• We estimate ŷ for a new time period t̃ as

ŷt̃ = a∗ + b∗zt̃

• We determine the produced quantity for a new time period t̃ as

x∗t̃ = arg min
x≤xt̃≤x

x2
t̃ − ŷt̃xt̃
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t̃ − ŷt̃xt̃

13



Forecasting approach (FO)

• We assume a linear function: ŷt = a + bzt
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Illustrative example

Forecasting approach (FO): ŷt = 1.184 + 0.12zt
yt

zt0

2

RMSE = 0.665

x∗t

zt0

1

Income = 20.14 (95.2%)
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Decision-rule approach (DR)

• We assume a linear function so that x∗t = a + bzt

• We compute a, b to minimize the objective function

a∗, b∗ = arg min
a,b

∑
t∈T

x2
t − ytxt

s.t. x ≤ xt ≤ x , ∀t ∈ T
xt = a + bzt , ∀t ∈ T

• We determine the produced quantity for a new time period t̃ as

x∗t̃ = a∗ + b∗zt̃
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Illustrative example

Decision-rule approach (DR): x̂∗t = 0.933 + 0.007zt

x∗t

zt0

1

Income = 20.02 (94.6%)

Infeasibilities may happen!!
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A bit of bilevel programming

John and Peter have a deal to go to the movies. First John decides the movie
theater, and then Peter decides which movie they will watch. John prefers action
over terror movies, and terror over romantic movies. Peter prefers romantic over
terror, and terror over action movies. Which theater do you think John would
choose?

Theater A
Spiderman
Notting Hill

Theater B
The Exorcist
The Matrix
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A bit of bilevel programming

Bilevel optimization is a special kind of optimization where one problem is
embedded (nested) within another and can be formulated as follows

min
α

F0(α, β)

s.t. Fi (α, β) ≤ 0, i = 1, . . . , I
Hj(α, β) = 0, j = 1, . . . , J
min
β

f0(α, β)

s.t. fk(α, β) ≤ 0, k = 1, . . . ,K
hl(α, β) = 0, l = 1, . . . , L
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Bilevel approach (BL)

• We assume a linear function so that ŷt = a + bzt

• We compute a, b by solving the following bilevel problem:

a∗, b∗ = arg min
a,b

∑
t∈T

x̂2
t − yt x̂t

s.t. x̂t = arg min
x≤xt≤x

x2
t − (a + bzt)xt , ∀t ∈ T

• We estimate ŷ for a new time period t̃ as

ŷt̃ = a∗ + b∗zt̃

• We determine the produced quantity for a new time period t̃ as

x∗t̃ = arg min
x≤xt̃≤x

x2
t̃ − ŷt̃xt̃
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• We compute a, b by solving the following bilevel problem:

a∗, b∗ = arg min
a,b

∑
t∈T

x̂2
t − yt x̂t

s.t. x̂t = arg min
x≤xt≤x

x2
t − (a + bzt)xt , ∀t ∈ T
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Bilevel approach (BL)

We replace the lower-level by its KKT to obtain a single-level problem:

a∗, b∗ = arg min
a,b

∑
t∈T

x̂2
t − yt x̂t

s.t. 2x̂t − a− bzt − λ1t + λ2t = 0, ∀t ∈ T
x ≤ xt̃ ≤ x , ∀t ∈ T
λ1t , λ2t ≥ 0, ∀t ∈ T
λ1t(q̂t − q) = 0, ∀t ∈ T
λ2t(q − q̂t) = 0, ∀t ∈ T

where λ1t , λ2t are dual variables of the lower-level problem
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Bilevel approach (BL)

We can use Fortuny-Amat to reformulate complementarity conditions:

a∗, b∗ = arg min
a,b

∑
t∈T

x̂2
t − yt x̂t

s.t. 2x̂t − a− bzt − λ1t + λ2t = 0, ∀t ∈ T
0 ≤ x̂t − x ≤ (1− u1t)M

P , ∀t ∈ T
0 ≤ x − x̂t ≤ (1− u2t)M

P , ∀t ∈ T
0 ≤ λ1t ≤ u1tM

D , ∀t ∈ T
0 ≤ λ2t ≤ u2tM

D , ∀t ∈ T
u1t , u2t ∈ {0, 1}, ∀t ∈ T

where u1t , u2t are binary variables and MP ,MD large enough constants

21



Bilevel approach (BL)

Alternatively, we can use the following regularization approach:

a∗, b∗ = arg min
a,b

∑
t∈T

x̂2
t − yt x̂t

s.t. 2x̂t − a− bzt − λ1t + λ2t = 0, ∀t ∈ T
x ≤ x̂t ≤ x , ∀t ∈ T
λ1t , λ2t ≥ 0, ∀t ∈ T
λ1t(x̂t − x) + λ2t(x − x̂t) ≤ ε

where paremeter ε is iteratively reduced to 0
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Illustrative example

Bilevel approach (BL): ŷt = 0.000 + 0.5zt
yt

zt0

2

RMSE = 0.745

x∗t

zt0

1

Income = 21.13 (99.9%)
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Illustrative example

RMSE Income
Forecasting (FO) 0.665 95.2%
Decision-rule (DR) - 94.6%
Bilevel (BL) 0.745 99.9%

• FO minimizes forecast error, but yields suboptimal decisions

• DR simplifies decision-making, but also yields suboptimal decisions

• BL finds the relation between y and z that derives best decisions
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Case study

• Real data from Iberian electricity market is used to approximate the inverse
demand function

• Wind and solar power forecasts is used as contextual information

• Three different generation technologies: base (nuclear), medium (carbon) and
peak (gas)

• 43 sets of 200 hours (160 hours as training and 40 hours as test) are used to
compute average results
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Case study

Base Medium Peak
Relative income FO 96.0% 77.3% 41.6%
Relative income DR 94.6% 62.6% 18.9%
Relative income BL 96.3% 80.0% 58.7%
Infeasible cases DR 4.9% 1.7% 0.1 %

• All methods provide similar incomes for the base unit since it is at full
capacity most of the time

• The uncertainty of the inverse demand function significantly affects the
operation of medium and peak units

• The proposed BL approach obtains the highest incomes for the three
generating technologies

• DR approach lead to a significant number of infeasible cases
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Conclusions

• Forecasting approach (FO)

learns the relation between y and z ignoring f and X

� wide variety of learning techniques can be applied

� obtained decisions may be suboptimal

• Decision rule approach (DR)

learns the relation between x∗ and z

� decisions are quickly obtained wihtout solving an optimization problem

� obtained decisions may be infeasible

• Bilevel approach (BL)

learns the relation between y and z taking into account f and X

� best possible decisions using available contextual information

� bilevel problem can be only solved under certain assumptions
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Some possible solution approaches
Parametric approach
(bilevel optimization)

Non-parametric approach
(distributionally robust optimization)
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Some possible solution approaches

Smart predict

Find ŷ(·) : Ξz −→ Ξy (very possibly different from E[y|z]) such that

(arg) inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
≈ (arg) inf

x∈X
f (x, ŷ(z0))

Approximate conditional distribution QΞ̃

Take Q̂Ξ̃ as a proxy of QΞ̃ in the hope that

(arg) inf
x∈X

EQ

[
f (x, y)

/
z = z0

]
= (arg) inf

x∈X
EQΞ̃

[f (x, y)] ≈ (arg) inf
x∈X

EQ̂Ξ̃
[f (x, y)]

In any case, we must infer from the data sample (zt , yt)Tt=1
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Approximate conditional distribution QΞ̃

Training data: A sample of size T , joint limited data: (zt , yt)Tt=1

QΞ̃ ≈
T∑
t=1

w t
T (z0)δŷt = Q̂Ξ “Empirical” conditional distribution
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Bertsimas and Kallus 2019 (non-parametric)

Solve:

inf
x∈X

T∑
t=1

w t
T (z0)f (x, ŷt)

(
≈ inf

x∈X
EQΞ̃

[f (x, y)]

)
,

where w t
T (z0) is given by a local predictive method (K−NN, Nadaraya-Watson...)
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Bertsimas and Kallus 2019 (non-parametric)

Example: 2-NN

inf
x∈X

1
2
f (x, ŷ1st ) +

1
2
f (x, ŷ2nd )
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Bertsimas, McCord, and Sturt 2019

Solve:

inf
x∈X

T∑
t=1

w t
T (z0) sup

y∈U t
T

[f (x, y)] (1)

where U t
T := {y ∈ Ξy / ‖y − ŷt‖p 6 εT}.
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Bertsimas, McCord, and Sturt 2019

A DRO approach: Wasserstein ball centered at the “empirical" conditional
distribution given by a local predictive method.

UT :=
{
QΞ̃(Ξ̃) = 1 :Wp(Q̂Ξ,QΞ̃) ≤ ρ̃1/p

}
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Our approach: Esteban-Pérez and Morales 2020

UT :=
{
QΞ̃(Ξ̃) = 1 :Wp(R1−α(Q̂T ),QΞ̃) ≤ ρ̃1/p

}
where R1−α(Q̂T ), α ∈ [0, 1], is the set of all (1− α)-trimmings of Q̂T (all
probability distributions

∑T
t=1 btδξt

with 0 ≤ bt ≤ 1
Tα , ∀t = 1, . . . ,T , and∑T

t=1 bt = 1).
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Our DRO approach

(
P(αT ,ρ̃T )

)
inf
x∈X

sup
QΞ̃

EQΞ̃
[f (x, ξ)] (2a)

s.t.Wp
p (R1−αT

(Q̂T ),QΞ̃) ≤ ρ̃T (2b)

QΞ̃(Ξ̃) = 1 (2c)

• Wp
p (R1−αT

(Q̂T ),QΞ̃) ≤ ρ̃T : Partial mass transportation constraint.

• αT : Amount of mass of Q̂T (in per unit) transported. Natural choice:
αT := KT/T (Distributionally Robust KT -NN version).
• ρ̃T : Transportation budget (degree of robustness).
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Key features of the proposed framework

• Fully data-driven single-phase method (no prior estimate phase by a local
predictive method).
• The relationship of the random vector and the features is encoded in the

framework and its impact on the objective function is considered.
• Performance guarantees are available under mild assumptions and a suitable

choice of the parameters αT and ρ̃T (Esteban-Pérez and Morales 2020).
• As tractable as the standard DRO model based on the Optimal Transport

(without side information).
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Single-item Newsvendor problem with side
information

• h: unit holding cost; b: unit backorder cost; x: order quantity (decision
variable)
• y : r.v. (demand); {z = z0}: side information (week day, weather,...)

minE
[
h(x − y)+ + b(y − x)+

/
z = z0

]
**Equivalent to estimate a quantile b/(b + h).

We compare with:
• KNN: KNN, i.e. Conditional SAA (Bertsimas and Kallus 2019).
• KNNROBUST: 2-step procedure; KNN+uncertainty set around the K nearest

neighbors (Bertsimas, McCord, and Sturt 2019).
• KNNDRO: 2-step procedure; KNN+DRO Wasserstein ball centered at the K

nearest neighbors (Bertsimas, McCord, and Sturt 2019).

Our method: DROTRIMM
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Numerical experiments I
Single-item Newsvendor problem with side information
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Numerical experiments I
Single-item Newsvendor problem with side information
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Conclusions

• We have extended the DRO approach based on optimal transport to the
Conditional Stochastic Optimization framework.

• Tractability is preserved.

• Performance guarantees are available.

• Significant improvements over alternative approaches.
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- Advanced Analytics to Empower the
Small Flexible Consumers of Electricity.
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Trimmed distributions

Trimmed distributions and Trimming Sets

Given 0 6 α 6 1 and probability measures P,Q ∈ Rd , we say that Q is an
(1− α)-trimming of P if Q � P, and dQ

dP 6 1
α .

• The set of all (1− α)-trimmings, R1−α(P), has nice properties (convex,
compact under the weak topology...).
• Particular case: R1−α(Q̂T ) is the set of all probability distributions in the

form
∑T

t=1 btδξt
such that 0 ≤ bt ≤ 1

Tα , ∀t = 1, . . . ,T , and
∑T

t=1 bt = 1.
• We exploit the close link between Trimming sets and the Partial Optimal

Transport to build our DRO framework.
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Constructing the ambiguity set

Exploiting local information around z = z0
The local information (in the joint sample data) must be selected accounting for
the impact of its uncertainty on the objective function.

Using Partial Optimal Transport (POT)

Take some amount of mass (namely α) from the empirical joint distribution and
transport it to another distribution supported in Ξ̃ in the cheapest way:

min
R∈R1−α(Q̂T )

Wp(R,QΞ̃)
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Constructing the ambiguity set

Ambiguity set

All distributions with support Ξ̃ that result from a partial optimal transport of
mass α from Q̂T to Ξ̃ within a budget ρ̃1/p:

Wp(R1−α(Q̂T ),QΞ̃) ≤ ρ̃1/p
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