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Motivation

Figure 1: Schematic probabilistic forecast.

X
Variety of potentially correlated uncer-
tainty sources

X
Represent uncertainty by a stochastic
program (SP)⇒ Solving is challenging!

X
One solution: Derive a reduced distri-
bution using scenario reduction
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Pinson, P. (2013). Wind Energy: Forecasting Challenges for Its Operational Management. Statistical Science 28(4), 564–585. doi: 10.1214/13-STS445
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Scenario reduction for stochastic programming

𝑑1

𝑑
2

scenarios
representatives

In a mathematical nutshell

Goal: Based on a discrete sample distribution P𝑛 sup-
ported on a set of scenarios 𝑖 ∈ I = {1, . . . , 𝑛} with
probabilities 𝑝𝑖 and a stochastic problem SP:

■ find a distribution Q𝑚 supported on a set of
scenarios 𝑗 ∈ J = {1, . . . , 𝑚} with probabilities 𝑞 𝑗 ,

■ that has a smaller support, i.e., 𝑚 < 𝑛 and ideally
𝑚 ≪ 𝑛,

■ and approximates Pwellw.r.t. the optimal first-stage
solution of SP.
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Stochastic programming preliminaries

General two-stage stochastic problem

Consider stochastic programs of form:

min
𝑥∈X

𝑧(𝑥, 𝜉) = 𝑓 (𝑥) +
∑︁
𝑖∈I

𝑝𝑖𝐺 (𝑥, 𝜉𝑖), (1)

where the function 𝑄(𝑥, 𝜉𝑖) is given by:

min
𝑣≥0

{
𝑎⊤𝑣

�� 𝑊𝑣 ≥ ℎ𝜉𝑖 − 𝑇𝑥
}
. (2)

Single scenario problems

Equivalent Problem (1) for single scenario 𝜉𝑖:

min
𝑥∈X

𝑧(𝑥, 𝜉𝑖) = 𝑓 (𝑥) + 𝐺 (𝑥, 𝜉𝑖), (3)

and given first-stage solution 𝑥 ∈ X:

𝑧∗(𝑥, P) = 𝑓 (𝑥) +
∑︁
𝑖∈I

𝑝𝑖𝐺 (𝑥, 𝜉𝑖). (4)

Relative Approximation Error (RAE)

RAE(P𝑛,Q𝑚) =
𝑧∗(𝑥∗(Q𝑚), P𝑛) − 𝑧∗(P𝑛)

𝑧∗(P𝑛)
, (6)
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Similarity of distributions and scenario reduction

Optimal mass transport problem

𝔇(P,Q) = min
𝜋∈R𝑛×𝑚

+

𝑛∑︁
𝑖=1

𝑚∑︁
𝑗=1

𝜋𝑖 𝑗𝑐(𝜉𝑖, 𝜁 𝑗)

s. t.
𝑚∑︁
𝑗=1

𝜋𝑖 𝑗 = 𝑝𝑖, ∀𝑖 ∈ I,

𝑛∑︁
𝑖=1

𝜋𝑖 𝑗 = 𝑞 𝑗 , ∀ 𝑗 ∈ J ,

Question: How to choose cost function 𝑐?

Algorithm Forward Selection
Dupačová et al., 2003

inputs P𝑛, 𝑚, 𝑐(𝜉𝑖, 𝜉 𝑗)
1: set J ← {}
2: while |J | < 𝑚 do
3: set R ← I \ J
4: 𝑗 = arg min

𝑗 ′∈R

∑︁
𝑖∈R\{ 𝑗 ′}

𝑝𝑖 min
𝑗 ′′∈J∪{ 𝑗 ′}

𝑐(𝜉𝑖, 𝜉 𝑗 ′′)
5: J ← J ∪ { 𝑗}
6: end while
7: for 𝑗 ∈ J do
8: I𝑗 ≔ {𝑖 ∈ I \ J : 𝑗 = arg min 𝑗 ′∈J 𝑐(𝜉𝑖, 𝜉 𝑗 ′)}
9: update 𝑞 𝑗 = 𝑝 𝑗 +

∑
𝑖∈I𝑗 𝑝𝑖

10: end for
returnQ𝑚

Part 1

Part 2
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Transportation cost function formulations
Transportation cost functions

■ Input-data-driven
■ 𝑐ID(𝜉𝑖, 𝜉 𝑗) = ∥ℎ𝜉𝑖 − ℎ𝜉 𝑗 ∥22

■ Optimization-problem-driven
■ Morales et al. (2009): 𝑐Mo(𝜉𝑖, 𝜉 𝑗) = |𝑧(𝑥∗(𝜉), 𝜉𝑖) − 𝑧(𝑥∗(𝜉), 𝜉 𝑗) |, where 𝜉 = EP𝑛 [𝜉]
■ Bruninx and Delarue (2016): 𝑐Br(𝜉𝑖, 𝜉 𝑗) = |𝑧(𝑥∗(𝜉𝑖), 𝜉𝑖) − 𝑧(𝑥∗(𝜉 𝑗), 𝜉 𝑗) |
■ Bertsimas and Mundru (2023): 2 · 𝑐Be(𝜉𝑖, 𝜉 𝑗) = 𝑧(𝑥∗(𝜉 𝑗), 𝜉𝑖) − 𝑧(𝑥∗(𝜉𝑖), 𝜉𝑖) +

𝑧(𝑥∗(𝜉𝑖), 𝜉 𝑗) − 𝑧(𝑥∗(𝜉 𝑗), 𝜉 𝑗)
■ Our proposal: 𝑐Pr(𝜉𝑖, 𝜉 𝑗) = 𝑧(𝑥∗(𝜉 𝑗), 𝜉𝑖) − 𝑧(𝑥∗(𝜉𝑖), 𝜉𝑖)

■ Hybrid algorithm: Use 𝑐Mo for pre-grouping and then 𝑐Pr for final selection

ID Mo Br Be Pr

MIPs 0 1 𝑛 𝑛 𝑛

LPs 0 𝑛 0 𝑛2 − 𝑛 𝑛2 − 𝑛
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Optimal selection with proposed cost function

Theorem

Let Q1 = {Q 𝑗

1 : 𝑗 ∈ I} denote the family of probability distributions obtained by drawing a
single scenario from distribution P𝑛 and 𝑗∗ the first scenario drawn using the Forward Selec-
tion Algorithm and cost function 𝑐Pr. Then the distribution Q 𝑗∗

1 minimizes the RAE for 𝑚 = 1,
such that Q 𝑗∗

1 = arg minQ1∈Q1 RAE(P𝑛,Q1).

Loose translation: The first scenario picked by our proposed cost function is the best possible.
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Model and case studies

Stochastic unit commitment (UC)

min UC cost +
∑

𝜔∈Ω 𝜋𝜔 system operation cost
s.t. UC limits (first stage)
∀𝜔 ∈ Ω: Generator limits (second stage)
∀𝜔 ∈ Ω: DC PF (second stage)

IEEE 300-bus
■ 170 committable units, 35 GW total
■ 17 wind generators, 26.6 GW total
■ MIP gap 1%
■ Probabilistic forecast from Pinson (2013)
■ 𝑛 = 1000 scenarios, 10 random draws
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Results: Solution quality
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Results: Computational expenses evaluating cost functions

Table 1: Mean Gurobi work units and wall-clock time required to solve problems for evaluating the cost functions for the IEEE 300-bus system,
𝑛 = 1000, over 10 draws.

Work units Wall-clock in s

Cost func. 𝑐 MILP LP Total MILP LP Total

ID — — — — — —
Mo 56.0 205.0 260.9 33.5 22.6 56.1
Br 46 391.2 — 46 391.2 595.6 — 595.6
Be 46 391.2 153 119.0 199 510.2 595.6 2 093.9 2 689.5
Pr 46 391.2 153 119.0 199 510.2 595.6 2 093.9 2 689.5
Hy 2 396.5 624.1 3 020.6 95.6 50.6 146.2
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Results: Combined computational expenses
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Conclusions & outlook

■ We propose a new cost function for the
optimal mass transportation problem.

■ Forward Selection is proven to select the
optimal scenario first with that function.

■ We compare methods on stochastic unit
commitment systems with 300 buses.

■ Our cost function yields 2.4 % and 0.4 %
error with 1 and 5 scenarios.

■ Hybrid algorithm cuts solver work 66x and
wall-clock time 18x at same accuracy.
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