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° " Customers?

Binary rule
‘ (Utility maximization):
x They patronize their
favorite open plant
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Cooperative MCFL. Applications?

Binary decision rule + cooperative setting
- Cooperative capturing: The captured utility is given in terms of an
aggregation of the partial utilities.

- With binary decision rule: Customers are loyal to the company.
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Modeling the captured utility



Captured utility

Ordered Median function
Assigns importance weights to the sorted partial utilities, and then

aggregates the weighted utilities.

Consider a set of customers Z, a set of plants 7, and partial utilities ufjs
for each time period t and scenario s. For i € Z, define the associated
weighting vector A\; = (Ai1,...,Aj7|). Then the captured utility is:

ts .__ ts ts _ ts
U’- = ¢>\‘.(u,-1, coog u’ljl) = Z)\UU/U)’
JjeTJ

where uiZ ) is such that uffy) > ... > uf 7).

A= (1,2,3)
= UF=1-7+2-3+3-0=13.
U,':(3,7,0)



Unified cooperative framework

Different A for different approaches:

Utility Maximization i =(1,0,...,0) (non cooperative)
Consideration set of size / Ai=(1,...,1,0,...,0)
——
¢
Average A = (ﬁ e ﬁ)
o2 » Cooperative setting with
. x Ai=(1,3,0,...,0):
X jus \‘*. Small plant: U =2.2
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Unified cooperative framework

Different A for different approaches:

Utility Maximization i =(1,0,...,0) (non cooperative)
Consideration set of size / Ai=(1,...,1,0,...,0)
———
¢
_ (1 1
Avel’age A,’— (W7,W)

Cooperative setting with

D 2.2
IV Ai=(1,3,0,...,0):
% w0 -85 Small plant: U =2.2
° 3' Big plant: U =3
: 2.2
| Both: U=3- 1+7 4.4
x



Modeling the OMf

Variables

1, u,§-5 is the r-th largest utility for customer i/,
O';j, =

0, otherwise.
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0, otherwise.
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U = max E E )\,,uuo,j,

7i JjET redg
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JjeT
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7i JjET redg
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reJ
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Modeling the OMf

Variables
1, u,? is the r-th largest utility for customer i/,
0, otherwise.

The linear assignment problem is:

ts ts _ts
U= max E E Nirllj Oy

7i JET red
s.t. o =1, VreJ,
jeJ
E Uur = 17 vJ & j7
reJ
ts _ts ts _ts *
yZyr—1 =— y=yrs ’
JjET JjET

o €{0,1}, VjreJ.

“Assuming a non-increasing vector Aj: A\ig > -+ > \jj 7).



Bilevel Model for the CMCFL
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Bilevel structure

First level Company deciding the locations of the plants:

. 1, a facility of type k is installed in j at time period t,
X/( =
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Cooperative Maximum Capture Facility Location

Bilevel structure

First level Company deciding the locations of the plants:
. 1, a facility of type k is installed in j at time period t,
Xjk = :
0, otherwise.
Second level Customers maximizing their utility:
s {1, customer / is captured in time period t and scenario s,
i =

0, otherwise.

Partial utilities uf’ (depend on the location variables x).

Captured utility U” Embedded assignment problem in terms of o, v.



Bilevel Model for the CMCFL

o S Selg S

teT i€T ses

s.t. > X <1, Vit
keK;
2 : rfl
Jk/ S
k/e)cj:kfzk k’e)cj:k’zk

e

t/ !
2 20D kb =X

t'eT:t/ <tj€T kEK;

Zaukj

keK;

xi € {0,1},

ts

z;" €

Vj, t, k,

arg max
tSE{O 1}

U =

max )\ ts ts
; @ irl Oy

°F jerieT
s.t. Z o =1
€T
ts
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reJ
t:
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Bilevel Model for the CMCFL

o S Selg S

teT i€T ses

s.t. > x}kgL Y, t,
keK;

rfl

2 X <

k/e)cj:kfzk k’e)cj:k’zk

e

t/ !
2 20D kb =X

Vi, t € T\ {1}, k,

)< S0, v

t/eT:t/ <tj€T keEK; t'eT:t/ <t
= apXe  Vidts,
kEK;
t .
x; € {0,1}, Vj, t, k,
z° € arg max us(1 -z + Uz Vi, t, s,
zfe{0,1}
t: t: t: .
U = max Z Z Niruij g Vi, t, s,
oF jegiea
st. > op=1 Vi, t,s,r,
=
doop =1 Vits,]
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Bilevel Model for the CMCFL

o S Selg S

teT i€l ses
t .
s.t. STx <1, Vi,
KEK;
rfl t .
Do xe S D> X, ViteT\{l}k
k/e)cj:kfzk k’e)cj:k’zk
et t'—1 ¢/
DD B DE AP PR ST
t/eT:t/ <tj€T keEK; t'eT:t/ <t
= apXe  Vidts,
KEK;
t .
x; € {0,1}, Vj, t, k,
z° € arg max us(1 -z + Uz Vi, t, s,
zfe{0,1}
ts ts ts .
U© = max Z Z Airlljj 0 Vi, t,s,
oF jegiea
st Y op =1, Vi, t,s,r,
€T
doop =1 Vits,]
reg

* e {0,1}, Vi, t,s,j,r. 9



First approach: mixed-integer
linear model




Single-level MIP formulation

max > > nf Z

teT i€l ses
s.t. > X <1, vj, t
KEK;
rfl t g
Do xw S > X, YiteT\{l}k
k/e)cj:kfzk k’e)cj:k’zk
et t'—1 ¢/
S TS de s ¥ w
t/eT:t/ <tj€T keEK; t'eT:t/ <t
t P
= %X Vi Js t;s,
KEK;
t .
xi € {0,1}, Vj, t, k,
z® € arg max ug(l — z°) + UPzP Vi, t, s,
zfe{0,1}
ts ts ts .
U = rz?sx Z Z >\;,u,~j O Vi, t,s,
i JETred
st. Y op =1, Vi t,s,r,
€T
t: . .
ZU;,:L Vi, t,s, ],
reJ

Tijr > €{0,1}, Vi, t,s,j,r. 10



Single-level MIP formulation
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Single-level MIP formulation

max Z Z Z

teT i€l ses
s.t. > X <1, Vj, t
keK;
r—l t g
Sooxg' < >0 X, ViteT\{lhk,
k/e)cj:kfzk k’e)cj:k’zk
’ / ! /
t t th—1 t
E E E G (e — X ) < E b, vt,
t/eT:t/ <tj€T keEK; t'eT:t/ <t
t P
= %X Vi,j,t,s,
keK;

X €{0,1}, Vit k,

ts _ts ts _ts .
unzim < Uz7, Vi t,s,

ts ts _ts .
=22 Nwujop Vit
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S o<, Vi, t,s,r,
JjeET

t: . .
STop<i,  Vits,,
reJ
t: . .
op,z° €[0,1],  Vitsj,r.

10



SEE

DIPIL Z

teT i€l ses
t .
E xpe < 1, Vj, t,
keK;
rfl t g
Sooxg' < >0 X, ViteT\{lhk,
k/e)cj:kfzk k’e)cj:k’zk
et -1 < bt’ v
DBED DD B ACIEE D ESD DI 2
t/eT:t/ <tj€T keEK; t'eT:t/ <t
r P
Z aljk Vi, j, t,s,
keK;

xi €{0,1}, Vi, t,k
ufézts < UtS ts, Vi, t,s,

t: -
U = Z Z /\,,u O'U,, Vi, t,s,

JET red
: .
E Ulﬁgl, Vi, t,s, r,
jeg
ts . .
S ol <1, Vits,),
reJ

z € [0,1], Vi, t,s,j,r

ur’

11



Linearization

ts _ts ts _ts ts .
Ujo Z; <ZZ/\”U onzl, Vit,s,

JET reg

ts .
UUr S 17 VI,t,S, r,
jeg

Uurgl Vi,t,s,j,
reJ

Uur’z’ts € [0 1] Vi: t757j7 r

12



Linearization

1. Apply a perspective transformation. z remains continuous

ts _ts ts _ts 3
Ui Z; S E E /\;,u,-j Ojjry \V/I7 t,s,
jET red

ts ts .
E Uijr S Zj VI,t,S, ry
JjeET

ts ts . .
Oijr S Zi v’7t7 S,/
reJ

O—Zivzits € [071]7 \V/I, t757_/'7r‘
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Linearization

1. Apply a perspective transformation. z remains continuous

ts _ts ts _ts .
Ui Zi gg E Airtjj o, Vit s,

jET red
ts ts .
E Uijr Szi ) VI,t,S, ry
JjeET

ts ts . .
Oijr S Zj v’7t7 S,/
reJ
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Linearization

1. Apply a perspective transformation. z remains continuous

uigzt® < Z Z/\”W,J,, Vi, t,s,

jET redg
ts ts .
E JUrSziy V’at7sara
JjeT
ts ts . .
Uijr S Zi v’7 t7 S,/
reJ

2z c[0,1], Vi t,s,j,r,
o € {0,1}, Vi, t,s,j,r
2. Standard linearization of bilinear terms with binary variables. o needs to be
integer.
Define new auxiliary variables wf; := uf7o};
wj; < Mfol, VieI,teT,seS,jred,
W,-jfg u,-j, VieI,teT,seS8,j,reJ,

o, Vj,r € J, and use constraints:

12



Valid inequalities and preprocessing

ts .__ ,,ts . ts
Wy 1= uiog

u;,s = Zke)cj afﬁ(xﬁ(, u,§~5 is the r-th largest utility for customer i,

P __ ,ts ts ts
Wi, = ofa,joga,jlg---gawcjl
0, otherwise.

13



Valid inequalities and preprocessing

ts .__ ,,ts . ts
Wijr == Uij Tijr
u;,s = Zke)cj afﬁ(xﬁ(, u,§~5 is the r-th largest utility for customer i,
ts | __ __ ,ts ts ts
Wije = 0=ajp < ajy < < g
0, otherwise.

ts ts _ts ts ts t .
wi, < a0 + E (aikr — aj) Xk’ vy, r, k,
K exc;:
k' >k

13



Valid inequalities and preprocessing

ts . ts _ts

U = Zkg)cj afﬁ(xjﬁ(, u,§~5 is the r-th largest utility for customer i,

ts ts ts
Wi = 0=aj; <a; <- <aWC |
0, otherwise.

ts t g
Wur S auko-ur + E Uk’ - aljk)xjk’7 VJ: r, k7

K exc;:

k! >k
E Wur < E auka_ur+ E (aljk/ - uk) k! V.Ivkv
reJd reg K eR;:

k' >k

13



Valid inequalities and preprocessing

S e S

U = Zkg)cj afﬁ(xjﬁ(, u,§~5 is the r-th largest utility for customer i,

P ts ts
Wi, = 07=71UO<3U1 <. <awC |
0, otherwise.

ts t g
Wur S auko-ur + E Uk’ - aljk)xjk’7 VJ: r, k7

K exc;:
k! >k
E Wur < E auka_ur+ E (aljk/ - uk) k! V.Ivkv
reJd reg K eR;:
k' >k
Uur S E Xjk7 VJ?

FEYS kGIC

o =0 Vi t,s,j,r: Xir =0.

13



Second approach: Benders’
decomposition




Master Problem

max > > Z

teT i€l seS
s.t. X<, V), t,
ke)Cj

Xg' <D X, Vite T\ {1}k

K eK;: K eKx;:
K >k k' >k

’ ’ ’ ’

t/ ¢ t/—1 t
D222 Gl mx NS 0 bt v
t/'eT: j€T kEK; teT
t/ <t t/<t

xjk € {0,1},  Vj, t k,
= apxh, Vi, j,t,s,
kE)C

t: t: t: ts _t: .
z € arg max ug(l —z°) + Uz* Vi, t,s,
2
2t

i
i

st. z® e {0,1},
U = &5 (ujgs oo i) Vi, t,s.

14



Master Problem

max > > Z

teT i€l seS
s.t. X<, V), t,
ke)Cj

Xg' <D X, Vite T\ {1}k

K eK;: K eKx;:
K >k K >k
’ ’ ’ ’
t/ ¢ t/—1 t
§ E E Gk (e — X ) < E b, vt,
t/'eT: j€T kEK; teT
t/ <t t/<t

xjk €{0,1}, Vit k,

¢ .
E a,/kxjk Vi, j, t,s,
keK;
ts ts ts ts _ts .
7 € argmax ug(l—2z7)+ Uz Vi, t,s,
2t
i

s.t. z;° €{0,1},
U = Ox (uigs -t 7)) Vi, t,s

14



Master Problem

xj € {0,1},

DIPIL Z

teT i€T 5e$
STx <1 Vit
keIC
t—l .
WS D% Vi t € T\ {1}, k,
k’e)c k’elc
k’zk k’zk

S -

t/eT: J€T kEK;
t/ <t

ts ts < UtS( ) ts7

d r—l

Zb‘

t'eT:
t/ <t

Vt,

Vi, t, k,

VieZ, teT,seS.

14



Master Problem

max 3 > n Z

,Z

teT i€l SES
s.t. X <1, V), t,
kEICj
1 .
Xt <D % vj,t € T\ {1}, k,
K eK;: K exc;:
k’zk k’Zk
’ /
DD IP ST SRR
t/'eT: JET kEK; t'eT:
t/ <t t/<t
Xjk € {0,1}, vj, t, k,
ugz® < UP(x)z°< UP(R)z + Z Z [sjk(xjk — }jk)]i, VieZ,teT,sE€S.

JET keK;

14



Subproblems

uizi < UF(R)z° + Tjeg Ykex; {gfk(xfk = %)

(PR)

max
o

SEEA

4

€K;
Z oikr <1, VY,
reJ kek;

j
Zajkrg)_(jk» Vj, k
redg

ojkr 2 0, Vj,r k.

15



Subproblems

. ~ _ R BT
Wz < US(R)ZF + Tjeq Tier, [506% — 5]

(PR) ma Z Z Z ArajkOjkr
eJred k ?C
s.t. Z Z ok <1, Vr, (v)
€T keK;
Z Z O jkr <1, vJv (51)
€T kEK;

> o < X Vick (g
res

oikr >0, Vi, r, k.

(OU) min S+ > 6+ > > T

reg j€g JET keK;

s.t. 'y,+6j+njk2>\,ajk, Vj,fEJJ(EK/W

15



Subproblems

uizi < UF (D27 + Tjeg Ykex; {gfk(xfk = %)

4

(PR)  max Z Arajk0jir

JET reT keK;
s.t. Ojr <1, Vr,

JET kEK;
2 D om <l Vi
rEJke)Cj
Z Ojkr < Xjky Vi, k
reJ

ok 20, Vi, r,k.

(DU)  min Z vt Z 5+ Z Z XjkMjk

reJ ji€eg JET kEK;

st v+ 6 +ni > Aag, Vi, reJ,kek;.

15



Subproblems

Wz < UF(R)ZF + Tjeq Siex; [5k06 — %)

—
4

(PR) max Z Arajk0jkr

JET re T keK;
s.t. T jkr <1, Vr,

JET kEK;
DT> o <1, Y,
rEJke)Cj
Z oikr < Xik, Vi, k
reg

e >0, Y, k.

(DU)  min Z ¥r + Z o + Z Z Xjk Nk
f€J  J€T  JETKeK;
s.t. 'y,+6j+njk2>\,ajk, Vj,rEJ,kEK/.

Tailored Primal-Dual algorithm to solve (PR)-(DU) at each iteration.

15



Computational Experiments




1. Computational Performance using synthetic data

Instance sizes and other parameters

Facilities and types: |£| € {10,30}, |K;| = 4.
Customers: |Z| € {20, 30, 40, 50}.

Scenarios: |S| € {5, 10}.

Budget and time period: |7| = 3, b’ € {5, 10}.
u € {10,12, 15}.

Five instances of each size, a total of 1680.
Time limit equal to 3600 seconds.

The total number of instances per row is 30.

Type C: A = (1,0,...,0). Standard RUM.

Type G: A= (1,5, 5,0,...,0). Geometric rule.

Type K: A =(1,1,0,...,0). Aggregation with consideration set of size 2.
Type L: A = (1, %, 0,...,0). Linear rule.

16



Comparison of formulations (10 scenarios)

SL: MILP SL+VI: MILP with valid ineq. B: Benders Decomposition
Izl X |J| Time[s] (#Solved) MIPGap [%]
SL SL+VI B SL SL+VI B
30 C 10 9 (3 11.7 (30) 6.3 (30) 0.0 0.0 0.0

112.0 (25) 49.2 (25) 00 272 20
12105 (13) 6715 (20) 563  27.3 1438
L (0) TL (0) 1267 219.0 47.0
355.5 (30)  174.6 (28)  14.9 0.0 145
3365.0 (2) 4752 (14) 389 144 103
L 10 15483 (1 7911 (18)  665.3 (28) 234 215 6.7
30 TL (© TL (0) 11513 (5) 861 507 31.8

0)
30 7 (30)
)
)
)
)
0
5 ¢ 10 6 (30) 30.1 (30) 14.7 (30) 0.0 00 00
0)
)
)
)
)
)
)

¢ 10 1890 4(1
30 L (0
K 10  2539.9 (9
30 TL (0

30 13 6 (3 215.2 (20) 73.0 (18) 0.0 443 86
¢ 10 L (0 1597.1 (5)  338.6 (10) 566 332 20.3
30 L (0 L (0) TL (0) 166.8 4041 67.1
K 10 31280 (1 656.3 (22)  299.3 (21) 185 127 6.8
30 L (0 TL (0) 1184.4 (12) 597 238 17.9
L 10 27234 (3) 1421.0 (13) 11916 (17) 313 226 7.7
30 L (0 TL (0)  2659.9 (4) 1015  61.8 33.6
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Comparison of formulations (10 scenarios)

SL: MILP SL+VI: MILP with valid ineq. B: Benders Decomposition
Izl X |J| Time[s] (#Solved) MIPGap [%]
SL SL+VI B SL SL+VI B
30 [¢ 10 9 (30) 11.7 (30) 6.3 (30) 0.0 0.0 0.0
30 7(30)  112.0 (25) 49.2 (25) 0.0 272 20
G 10 1890 4 (1) 1210.5 (13) 671.5 (20) 56.3 27.3 148
30 TL (0) TL (0) TL (0)  126.7 219.0 47.0
K 10 2539.9 (9) 355.5 (30) 174.6 (28) 14.9 0.0 145
30 TL (0) 3365.0 (2)  475.2 (14) 38.9 144 103
L 10 1548.3 (11) 791.1 (18) 665.3 (28) 23.4 21.5 6.7
30 TL (0) TL (0) 1151.3 (5) 86.1 50.7 318
50 [¢ 10 6 (30) 30.1 (30) 14.7 (30) 0.0 0.0 0.0
30 13 6 (30) 215.2 (20) 73.0 (18) 0.0 44.3 8.6
G 10 TL (0) 1597.1 (5) 338.6 (10) 56.6 332 203
30 TL (0) TL (0) TL (0) 166.8  404.1 67.1
K 10 3128.0 (1) 656.3 (22) 299.3 (21) 18.5 12.7 6.8
30 TL (0) TL (0)  1184.4 (12) 59.7 23.8 179
L 10 2723.4 (3)  1421.0 (13) 1191.6 (17) 31.3 22.6 7.7
30 TL (0) TL (0) 2659.9 (4) 1015 61.8 33.6
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(@) A= C=(1,0,...,0) (b) A=K =(1,1,0,...,0)
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Conclusions and future work

Conclusions
The CMCFL introduces a cooperative framework for the MCFL with
binary choice rule.
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Conclusions and future work

Conclusions

The CMCFL introduces a cooperative framework for the MCFL with
binary choice rule.

Future work

Add capacities to the facilities dependent on the type of plant in-
stalled = Bilevel location-allocation problem.

Robustify the OMf associated to the utility. For instance considering
non-monotone or negative \-weights, or variable \-weights that
meet certain conditions associated to the knowledge of the customer,
and optimize U in the worst-case.
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Thank you for your attention!

Questions?

@ C. Dominguez, R. Gazquez, J. M. Morales, and S. Pineda.

The cooperative maximum capture facility location problem.
arXiv preprint arXiv:2305.15169, 2023.
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