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MOTIVATION

Mixed Integer Machine
Linear Programs Learning
(MILP) (ML)

Combine knowledge from both worlds
Recent reviews: Bengio et al. [2021]; Gambella et al. [2021]
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METHODOLOGY

. T
(Po[T]) Jin etz

s.t. a]Tz <b;, VjeJ

e 0= {c,aj,bj,Vj S J}
e Pp[J] bounded and feasible.

e Optimal solution z3[7] is a singleton.
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METHODOLOGY

. T
(Po[T]) Jin etz

s.t. a]Tz <b;, VjeJ

o N P-hard. Very difficult to solve.

o Pure optimization-based strategy: Constraint generation
(CG), Minoux [1989].

o Iterative process. Unaffordable in online applications.
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METHODOLOGY

. T
(Po[T]) Jin etz

s.t. a]Tz <b;, VjeJ

Apply ML to alleviate computational burden in CG.

Enhacing performance in MILPs.

Learning from the information of previously solved
instances.

Providing a good warm-start.

Reducing number of iterations in CG.

Reducing computational time in MILPs.
<4 5/21
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. T
(Po[T]) Jin etz

s.t. a]Tz <b;, VjeJ

o Literature: only use information from the binding

constraints, i.e. a] = b;.

@ Not enough when integer variables appear.

@ Some non-binding constraints should be included. Need to
define invariant constraint set.
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METHODOLOGY

Invariant Constraint Set, S

According to Calafiore [2010]:
S C J st. e'z}[S] = T z5T]

The integrality of the decision variables is crucial to find out
which constraints belong to S. J
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METHODOLOGY

LP vs MILP (Example taken from Pineda et al. [2020))
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LP vs MILP (Example taken from Pineda et al. [2020))
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METHODOLOGY

LP vs MILP (Example taken from Pineda et al. [2020))

Binding constraints

B={j€J:a]z[J]=b;}

S=B )
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METHODOLOGY

LP vs MILP (Example taken from Pineda et al. [2020))
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METHODOLOGY

LP vs MILP (Example taken from Pineda et al. [2020))

3+ e 3l A i
= =
2+ e 5l i
1r B 1 B
0 L L L | | |
0 ! 2 3 4 > % 1 2 3 1 5
T T

Binding constraints

B={j€J:a]z[J]=b;}

S=B )

7/21

Asuncién Jiménez-Cordero A novel ML-aided approach for warm-starting CG methods in MILPs



METHODOLOGY

LP vs MILP (Example taken from Pineda et al. [2020))
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Binding constraints

Some non-binding constraints

B={jeJ:alz;[J]=0bj} also belong to S.

S=28 J SOB )
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o Finding S is challenging in MILPs.

o For each train instance ¢, we look for &, including some of
the non-binding constraints.

e And reduced MILP Py, [S;] is solved.
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METHODOLOGY

How to find &;?

Algorithm 1 Identifying an invariant constraint set for each instance ¢
0) Initialize S; = B;.
1) Solve Py, [S] with solution zg [St].
2) If zg,[S;] is infeasible for Py,[J], go to step 3).
Otherwise, stop.
3) & = St U{jeT\S;: 7 is the most violated constraint},
go to step 1).
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METHODOLOGY

Offline Online
@]
O
—: Identify Train M L(-) Predict Run CG
g Si, Vit with (6, S;), Vt s = ML(6;) [ | warm-started S;
k>
%
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METHODOLOGY

Advantages

Based on CG. Crucial constraints are included.

Optimality and feasibility guarantees of CG are preserved.

Reducing number of iterations of CG.

Maybe only one iteration.

Independent on the ML method used.

Identifying S and training ML is performed offline.
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COMPUTATIONAL EXPE

Experimental Setup

o Binary classification problem. knn.
o Label s5 = +1 depending on inclusion on ;.
@ We choose to be conservative when including constraints.

@ Synthetic and real-world applications.
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COMPUTATIONAL EXPERIENCE

Two comparative approaches

Offline Online

Run CG
no warm-start

CG

O

O

t Identify Train ML(-) Predict N Run CG

g B:, Vit with (:, Bt), Vi B; = ML(6;) warm-started Bz
£

o

O

O

—: Identify Train ML(-) Predict N Run CG

g S, Vit with (0¢,St), Vt S; = ML(6;) warm-started Sp
g

%)
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COMPUTATIONAL EXPERIENCE

Unit Commitment problem

n

min Z CiT;
zeR?, ye{0,1}" P

s.t. sz = Zdi,

<Zam < fi, j=1,...,m

liyiﬁxiﬁuiyi, t=1,...,n

e 0=d.
e n = 96.
e m = 120 (240 constraints).
e T = 8640 (Leave-one-out).
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)

o - [0, 22] 1, 23] 9.16  188.38
o 5 [0, 23] (1, 8] 54.40  74.09
g 20 [0, 26] [1, 5] 68.28  62.35
Q100 [0, 29] (1, 5] 83.70  54.62
w5 [0, 26] (1, 5] 92.66  44.84
g 20 [0, 29] 1, 4] 98.81  42.83
©w 100 [0, 32] 1, 3] 99.71  44.41

o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J
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COMPUTATIONAL EXPERIENCE

Results

k [leny C’maz] [Imzn, I’maz] Pl (%) A(%)

8 - [0, 22] [1, 23] 9.16 188.38

w5 [0, 23] 1, 8] 54.40 74.09

S)r 20 [0, 26] [1, 5] 68.28 62.35

% 100 [0, 29] [1, 5] 83.70 54.62

O [0, 26] [1, 5] 92.66 44.84

g 20 [0, 29] 1, 4] 98.81  42.83

“ 100 [0, 32] [1, 3] 99.71 44.41
o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J
Pure optimization-based tools worse than MILP solver )
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)

8 - [0, 22] 1, 23] 9.16  188.38

[GI) [0, 23] 1, §] 54.40  74.09

Cfr 20 [0, 26] 1, 5] 68.28  62.35

% 100 [0, 29] [1, 5] 83.70  54.62

GI) [0, 26] 1, 5] 92.66  44.84

g 20 [0, 29] 1, 4] 98.81  42.83

% 100 [0, 32] 1, 3] 99.71 4441
o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J
Larger values of k imply more constraints (more conservative). )
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)
8 - [0, 22] [1, 23] 9.16 188.38
&) ) [0, 23] 1, §] 54.40 74.09
SJF 20 [0, 26] [1, 5] 68.28 62.35
q 100 [0, 29] [1, 5] 83.70 54.62
O] ) [0, 26] [1, 5] 92.66 44.84
g 20 [0, 29] 1, 4] 98.81  42.83
“ 100 [0, 32] [1, 3] 99.71 44 .41

o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J

Computational gains in both approaches.
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)

8 - [0, 22] [1, 23] 9.16 188.38

v 5 [0, 23] 1, §] 54.40 74.09

SJF 20 [0, 26] [1, 5] 68.28 62.35

% 100 [0, 29] [1, 5] 83.70 54.62

GI) [0, 26] [1, 5] 92.66  44.84

g 20 [0, 29] 1, 4] 98.81  42.83

% 100 [0, 32] [1, 3] 99.71 44.41
o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J
Few extra constraints in S-learner. Large time improvements. )
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)
8 - [0, 22] [1, 23] 9.16 188.38
&) 5 [0, 23] 1, §] 54.40 74.09
SJF 20 [0, 26] [1, 5] 68.28 62.35
q 100 [0, 29] [1, 5] 83.70 54.62
&) 5 [0, 26] [1, 5] 92.66 44.84
g 20 [0, 29] 1, 4] 98.81  42.83
“ 100 [0, 32] [1, 3] 99.71 44.41

o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J

Adding constraints is not enough (k=20 vs k =5 )
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COMPUTATIONAL EXPERIENCE

Results

k [Cminy Cmaz] [Imwu Imaz] Pl(%) A(%)

8 - [0, 22] [1, 23] 9.16 188.38

) 5 [0, 23] 1, §] 54.40 74.09

SJF 20 [0, 26] [1, 5] 68.28 62.35

Q100 [0, 29] [1, 5] 83.70 54.62

) 5 [0, 26] [1, 5] 92.66 44.84

g 20 [0, 29] 1, 4] 98.81  42.83

“ 100 [0, 32] [1, 3] 99.71 44.41
o (' : constr. e [: iterat. e P;: one iteration. e A: time wrt MILP solver. J
~ 100% of the instances are optimally solved with one iteration (Pi). J
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More details

COMPUTATIONAL E>

Machine-learning-aided warm-start of constraint gencration methods
for online mixed-integer optimization

Astncidn Jiménes-Corder, Juan Miguel Morales, Salvador Pineda

Abstract
Mixed Integer Linear Programs (MILP) are well known to be NP-hard problems in general, Even thorigh pure optimization.

Dased methods, such as ¢ time is given, their

raint generation, are guaranteed to provide an optimal solu cnong

use in online applicat sill

o their usual exeessive time requirements. To alleviate their com-

putational burden, some machine learning techniques have hoen propased in the literature, using the information provided

by previously solved MILP instances. Unfortunately, these techniques report a non-neglgible percentage of infoasible or

suboptimal i

By ok

thematical optimization and machine learning, this paper proposcs a novel approach that speeds up the
traditional constraint generation method, preserving feasibility and optimality guarantees. Tn particnlar, we first identify

affine the so-called invarinnt. cons

int st of past MILP instances. We then train (also offine) a machine learning method
t0 learn an invariant constraint set as a function of the problem parameters of each instance. Next, we predict online an

invariant constraint set of the new wnseen MILP application and use it to initialize the constraint generation method. This

warm-started strategy significantly redices the mumber of iterations to reach optimality, and therefore, the computational

burden to solve onfine each MILP problern is significantly reduced. Very importantly, the proposed methe inherits the

fensibility aud o rantees of the traditional constraint generation methiod. The computational performance of the

MILP applicat

propased approact

quantified through synthetic and real
Kegwonds:  Mised integer linear programming, machine learning, constraint generation, warm-start, feasiblity and

optimality guarntecs

https://www.researchgate.net/publication/350371853_
Machine-learning-aided_warm-start_of_constraint_
generation_methods_for_online_mixed-integer_optimization

A novel ML-aided approach fo

ing CG m
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AND FURTHER RESEARCH

Conclusions

e Approach which combines MILPs and ML.
o Warm-start in CG algorithm.
o Keeping optimality and feasibility guarantees of CG.

@ Reduce computational burden.

o Tested on synthetic and real-world applications.
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Conclusions

e Approach which combines MILPs and ML.
o Warm-start in CG algorithm.

o Keeping optimality and feasibility guarantees of CG.

@ Reduce computational burden.

o Tested on synthetic and real-world applications.

v

Further research

o Other input parameters.

o Introduce expert-knowledge information.
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