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INTRODUCTION

What happens in the nonlinear case?
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INTRODUCTION

@ Develop a new Mathematical Optimization approach to
perform feature selection in a binary classification problem.

e Classification tool: Support Vector Machine (SVM).

o Min-max approach.
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INTRODUCTION

Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:
o Filter (kernel polarization, Wang et al. [2010]):

o Most separated classes in high-dimensional space.
o Fast, but not take into account classifier information.
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INTRODUCTION

Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010]):
o Wrapper (min-max RFE, Onel et al. [2019)):

o Min-max approach with binary variables.
o Fixed # of selected features.
o Equivalent RFE-SVM which sequentially removes features.
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INTRODUCTION

Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010]):
o Wrapper (min-max RFE, Onel et al. [2019)):
o Embedded (KP-SVM, Maldonado et al. [2011]):

o lo—(pseudo)norm approximation to dual SVM.
o Large number of hyperparameters.
o Ad-hoc approaches.
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INTRODUCTION

Literature Review

o Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010)):
o Wrapper (min-max RFE, Onel et al. [2019)):
o Embedded (KP-SVM, Maldonado et al. [2011]):

Our contributions

@ Embedded feature selection method.

@ # selected features is not fixed, but provided by our
methodology.

@ No ad-hoc strategies. Off-the-shelf solvers.

V.

Asuncién Jiménez-Cordero
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SVM Problem (Primal).
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Primal).

Data: z; € RM  Class label: y; € {—1,1} J

min mgn Hw|?>+C Z &

st (Wo(x;) + b)yZ >1-&, €S
>0, 1€8
¢ € Fy

¢ and F, are usually unknown. l
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Dual). Feature Selection.

Data: z; € RM  Class label: y; € {—1,1} J
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SVM Problem (Dual). Feature Selection.
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Dual). Feature Selection.

Data: z; € RM  Class label: y; € {—1,1} J

minmax > o5 — 3 > aiaeyiyeKy (T, 1)

v @ i€S ilES
st. > oy =0
€S
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem. Kernel.

Anisotropic Gaussian kernel

M
Ko (z5,20) = exp [ — 3 vj (@i — z45)?
j=1
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SVM Problem. Kernel.

«vj: importance feature j

@ 7; — 0: no role in the classification.

@ large ;: critical when classifying.
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SVM Problem. Kernel.

«vj: importance feature j

@ 7; — 0: no role in the classification.
@ large ;: critical when classifying.

e 7; = 0,Vj = all points classified same class.

@ 7; — oo: overfitting.
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THE MIN-MAX OPTIMIZATION PR(

SVM Problem. Kernel.

Anisotropic Gaussian kernel

@ 7; — 0: no role in the classification.

@ large ;: critical when classifying.

e 7; = 0,Vj = all points classified same class.
°

7; — oo: overfitting.

| A\

Trade-off
o Model complexity.

o Classification accuracy.

v
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THE MIN-MAX OPTIMIZATION PROBLEM

Problem Formulation
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PROBLEM REFORMULATION

Min-max optimization problem.

) 1
min Co|[[5 + (1 = C2) mgxzai ~3 Z aioyiyely (i, vp)
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PROBLEM REFORMULATION

Epigraph form.

(i p _
in Collvllp + (1 - Co)z

1
s.t. z > moz?xz o — 2 Z ooy Ye K (4, Tp)

i€S i,0ES
s.t. Z a;y; =0
i€S

0<a; <C, Vi
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PROBLEM REFORMULATION

Strong duality lower level problem (SVM).

(. : P _
min Collylly + (1 = o)z

1
s.t. z > mngai — 5 Z OéiOéeyiysz(xth)

€S ilES
s.t. Zaiyi =0 (v)
€S

0<a; <C, Vi (A2, 28)
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PROBLEM REFORMULATION

Strong duality lower level problem (SVM).

Dual lower-level problem. Lagrangian. [G, = diag(y) K, diag(y)]

1
min _ — §O‘,G70‘ +(e—vy+ A0 =2 a+C(\% e

a,v,\0 \C
st. Gya—(e—vy+ A" =29 =0
AN >0
0<a<C

v
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PROBLEM REFORMULATION

Strong duality lower level problem (SVM).

min Colplf + (1~ o)z
. 1
stz > a’:,l;\lol’l)\c —ia'G.,a +(e—vy+A° =X a+C(A\%e
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0<a<C

Dual lower-level problem. Lagrangian. [G, = diag(y) K, diag(y)]

1
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v
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PROBLEM REFORMULATION

Single-level optimization problem

min  Col[v[|h — (1 - Cy) (2/Gra— (e —vy+ A =A%) — C(AY)e)

¥, @, v, A0,
st. Gya—(e—vy+ X =29 =0
7, A% 0 >0
0<a<C
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PROBLEM REFORMULATION

i P —
min | Colly[l5 + (1 — C2)max Y ai— 420 Ca|ly]l5 + (1 = C2)=
120 “ ies 1
stz > mngai -3 Z oiopyiye Ky (i, 2p)

1 i€S i LES
5 > aiaiye Ky (zi, w0) ‘ ‘
i,LES s.t. Z a;y; =0
i€S
s.t. a;y; =0 ¢
gs e 0<a; <C, Vi
0<a; <C,Vi

39/54

A novel embedded min-max approach for feature selection in nonline




PROBLEM REFORMULATION

i I3 _
min | CallyllZ + (1= Cy) maxZai— 'ynzlg,lz Col[y[I5 + (1 — C2)2
720 « i€ES 1
s.t. 2> mngai -3 Z oiopyiye Ky (i, 2p)

1 €S i,LES
5 > aiapyiye Ky (i, ) ‘ ‘
i,LES s.t. Z a;y; =0
icS
s.t. a;y; =0 !
gs o 0<a; <C,Vi
0<a; <C,Vi

i p _
Jin Callv[I5 + (1 = C2)z
. 1,
st. z> min  —-o' G o+
a,v,\0 \C 2
(e—vy+ X" =2 a4+ (A% e
st. Gya—(e—vy+ A0 =A%) =0
A0 0 >0
0<a<C

39/54

A novel embedded min-max approach for feature selection in nonlinea:



PROBLEM REFORMULATION
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NUMERICAL EXPERIENCE

How to solve the problem?

@ Problem very hard to solve (nonlinear, nonconvex, C, C3).

ml}\% )\OC’Q||7||§ —(1=C2) (30'Gya— (e —vy + A" =A%) — C(X9)e)
v, v, A0,
st. Gyua—(e—vy+ A" =A%) =0
7, A% A >0
0<a<(C
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NUMERICAL EXPERIENCE

How to solve the problem?

@ Problem very hard to solve (nonlinear, nonconvex, C, C3).

min ~ Cofy|B — (1= Co) (3¢/ G — (e —vy + A0 = A9 — C(A9)e)

v, @, A0, AC
st. Gyua—(e—vy+ A" =A%) =0
7, A% 0 >0
0<a<(C

e Simple solving strategy. No ad-hoc approaches.
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NUMERICAL EXPERIENCE

How to solve the problem?

@ Problem very hard to solve (nonlinear, nonconvex, C, C3).
7@21}\1&))\(}02”7”5 —(1=C2) (30'Gya— (e —vy + A" =A%) — C(X9)e)
st. Gyua—(e—vy+ A" =A%) =0
7, A% A9 >0
0<a<(C
e Simple solving strategy. No ad-hoc approaches.

e Grid search + local solver (Ipopt)+ k-fold CV
(train, validation, test).
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NUMERICAL EXPERIENCE

Experimental Setup

Data set # individuals # features % predominant class
breast 569 30 63%
diabetes 768 8 65%
lymphoma 96 4026 64%
colorectal 62 2000 65%

UCI Machine Learning Repository

42/54

Asuncién Jiménez-Cordero A novel embedded min-max approach for feature selection in nonlinear SVM



NUMERICAL EXPERIENCE

Experimental Setup

Data set # individuals # features % predominant class
breast 569 30 63%
diabetes 768 8 65%
lymphoma 96 4026 64%
colorectal 62 2000 65%

UCI Machine Learning Repository

42/54

A novel embedded min-max approach for feature selection in nonlinear SVM

Asuncién Jiménez-Cordero



NUMERICAL EXPERIENCE

Numerical Results
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NUMERICAL EXPERIENCE

Numerical Results

breast

MM-FS 97.35%
NO-FS 97.89%
{1-SVM 96.83%
Bench. ad-hoc 97.55%
Bench. off-the-shelf 62.74%
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Numerical Results
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Numerical Results

NUMERICAL EXPERIENCE

(s 001 01 02 03 04 05 06 07 08 09 0.9
21 21 21 21 21 21 21 21 21 21 28
11 22 22 22 22 22 22 22 22 28 21
breast 22 11 8 25 29 28 25 25 28 22 8
25 7T 25 29 25 29 29 29 25 8 23
30 25 11 8 28 25 28 28 8 7 22
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o Min-max optimization problem for SVM classification and
feature selection.

o Single-level reformulation based on strong duality.
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Future Research

o Extension to regression or clustering.

o Other real-life applications (Physically-aware approach).
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