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Introduction



Functional Data Analysis

Functional Data Analysis (FDA) focuses on the analysis of smooth curves:
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However, in practise we observe discrete evaluations of functional data samples:
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Functional Data Analysis

FDA propose to express discrete data by means of a basis expansion,

K
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where ¢; j are coefficients and ¢, a collection of basis functions with known derivatives

growth rate (cm / year)
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Outliers in the context of Functional Data Analysis

Taxonomy of outliers 1ID samples [Hubert et al., 2005]:

Magnitude and shape.

Global or transitory.
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FTS and HDFTS

Functional Time Series
A sample of curves indexed in time t=1,..., T,
Yy T ().
High Dimensional Functional Time Series

Multiple FTS indexed by i =1,..., N,
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B P. Rafia, G. Aneiros, and J. M. Vilar, (2015) “Detection of outliers in functional time series”,
Environmetrics, 26(3):178-191.

B Gao, Y., Shang, HL. and Yang, Y. (2011) " High-dimensional functional time series forecasting: An
application to age-specific mortality rates”, Journal of Multivariate Statistics, 170:232-243.



Depth-based methodology for
grouped FTS




Depth Measures



Depth Measures
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It is not straightforward — Depth Measures



Depth Measures

e The concept of depth measure was introduced by [Tukey, 1975].
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Depth Measures

e The concept of depth measure was introduced by [Tukey, 1975].

e Given a datum x € Q from a distribution P € P(Q) and Q = R?, a depth is a
bounded and non-negative function

D:QxP(Q) — [0,1]
(x,P) +— D(x;P).

e |t provides a center-outward ordering of points being the deepest point or
median,
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Functional Depth Measures

e The first depth was proposed by [Fraiman and Muniz, 2001].
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Functional Depth Measures

e The first depth was proposed by [Fraiman and Muniz, 2001].
e Properties: [Nieto-Reyes and Battey, 2016] and [Nagy et al., 2017].

e Other definitions:
[Cuevas et al., 2007, Cuevas and Fraiman, 2009, Lépez-Pintado and Romo, 2009,
Lépez-Pintado and Romo, 2011, Dutta et al., 2011, Mosler and Polyakova, 2012,
Mosler, 2013, Sguera et al., 2014, Lépez-Pintado et al., 2014,
Claeskens et al., 2014, Nagy et al., 2021], etc.

Two families of functional depths [Nagy et al., 2016]
1. Integrated depth measures

2. Non integrated depth measures



Integrated Depth for Functional Data Analysis

e X:[0,1] 5 R.



Integrated Depth for Functional Data Analysis

e X:[0,1] > R.
e P is the law of X where P € P(Q2) being Q@ = C([0, 1]).



Integrated Depth for Functional Data Analysis

e X:[0,1] - R.
e P is the law of X where P € P(Q2) being Q@ = C([0, 1]).
e P: is the marginal probability distribution of X(t) and t € [0,1].



Integrated Depth for Functional Data Analysis

e X:[0,1] - R.
e P is the law of X where P € P(Q2) being Q@ = C([0, 1]).
e P: is the marginal probability distribution of X(t) and t € [0,1].

Xlw~~1XnNP



Integrated Depth for Functional Data Analysis

e X:[0,1] = R.
e P is the law of X where P € P(Q2) being Q@ = C([0, 1]).
e P, is the marginal probability distribution of X(t) and t € [0, 1].
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Definition: Integrated Functional Depths (FD) [Nagy et al., 2016]
Given an univariate depth measure D, and a weighting function w : [0, 1] — [0, c0),
with fol w(t) = 1, the Integrated Functional Depth of x with respect to P is
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Integrated Depth for Functional Data Analysis

e X:[0,1] = R.
e P is the law of X where P € P(Q2) being Q@ = C([0, 1]).
e P, is the marginal probability distribution of X(t) and t € [0, 1].

Xl’ LR Xn ~ P
Definition: Integrated Functional Depths (FD) [Nagy et al., 2016]

Given an univariate depth measure D, and a weighting function w : [0, 1] — [0, c0),
with fol w(t) = 1, the Integrated Functional Depth of x with respect to P is

1
FDu (x, P) = /O D(x(t), Pe)w(t)dt.

Different D provides different FD. Examples are the Fraiman and Muniz Depth (FM),
Modified Band Depth (MBD) and the Modified Half Region Depth (MHRD).



Integrated Depth for Functional Data Analysis
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Functional Depths in the context of FTS

e The sample of curves is indexed in time
yix), .,y T(x) fort=1,...,T.
e Time series of depths

{FD(y%,P7) =FD(¢t), tec(1,...,T)}.
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FTS models and examples

FTS from dynamic factor models [Gao et al., 2019]
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FTS models and examples

FTS from Seasonal Functional Autorregresive model [Zamani et al., 2021]
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HDFTS models and examples

HDFTS from dynamic factor models [Gao et al., 2019]

e N = 500.
e T = 1000.

e Contamination = 5%
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Methodology for grouped FTS

e Time depths of each FTS as,

FD(t) = [FD(t), FD?(t),...,FD"(t)],

Prototype evolution is a trimmed mean [Fraiman and Muniz, 2001],

[an]
uFD(t) = Z FDI(¢

e Euclidean distance between each FD(t) and the prototype uFD(t), i.e.,

=
d(FD'(t), uFD(t JZ FD(t) — uFD(t))?,
t=1

e Outlier detection rule for skewed distributions [Hubert and Vandervieren, 2008],

d(FD'(t), uFD(t)) > @3(d) + v x exp*M¢ X IQR(d).



Case Study: Smart meters data
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FDA in the Context of Smart Meters

From one meter to FDA and Functional Time Series

One year time series One year functional time series
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Being t the index of days,

yix),...,yT(x), x={0,1,...,1440}, t={1,...,365}.



FDA in the Context of Smart Meters




Solar farm. N = 22, T = 34.
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Household voltage circuit. N = 22, T = 365.
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Household photo-voltaic energy generation. N = 22, T = 365.
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Analysis of the first derivatives emphasis solar panel orientation and tilt differences.
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Conclusions

e We propose a method to detect evolution outliers in grouped FTS.

e Theoretical links between the temporal structure of the FTS and the temporal
structure of the time series of depths require more research.

e Visit our website for more details oasys.uma.es.

Article: https://arxiv.org/abs/2107.01144.
Code: smart0ASYS an R-package available at our Github Organization.

e Contact: aelias@uma.es.
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