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Binary Classification Problem. Feature Selection
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X OPTIMIZATION PROBLEM

Aim

o Develop a new mathematical optimization approach to
perform feature selection in a binary classification problem.

o Classification tool: nonlinear Support Vector Machine
(SVM).

e Min-max approach.
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Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...
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Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:
o Filter (kernel polarization, Wang et al. [2010]):

o Most separated classes in high-dimensional space.
o Fast, but not take into account classifier information.
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Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010]):
o Wrapper (min-max RFE, Onel et al. [2019)):

o Min-max approach with binary variables.
o Fixed # of selected features.
o Equivalent RFE-SVM which sequentially removes features.
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Literature Review

@ Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010]):
o Wrapper (min-max RFE, Onel et al. [2019)):
o Embedded (KP-SVM, Maldonado et al. [2011]):

o lo—(pseudo)norm approximation to dual SVM.
o Large number of hyperparameters.
o Complicated ad-hoc approaches.
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THE MIN-MAX OPTIMIZATION PROBLEM

Literature Review

o Linear: Gaudioso et al. [2017]; Labbé et al. [2019]; Maldonado et
al. [2014]; ...

@ Nonlinear:

o Filter (kernel polarization, Wang et al. [2010)):
o Wrapper (min-max RFE, Onel et al. [2019)):
o Embedded (KP-SVM, Maldonado et al. [2011]):

Our contributions

@ Embedded feature selection method.

@ # selected features is not fixed, but provided by our
methodology.

@ No ad-hoc strategies. Off-the-shelf solvers.

V.

Asuncién Jiménez-Cordero
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THE MIN-MAX OPTIMIZAT

SVM Problem Formulation

Some notation

Sample S of individuals.

@ Data: z; c RM, e S.
o Class label: y; € {—1,+1},i € S.

Hyperplane: w'z +b = 0.
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem Formulation

Some notation

@ Sample S of individuals.

@ Data: z; c RM, e S.
o Class label: y; € {—1,+1},i € S.
@ Hyperplane: w'z +b= 0.

N

Optimization Problem (Primal)
min 3w’ +C T &
w, b, & i€ES

st. (Wz+by;>1-&, i€8

\
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem Formulation

@ Sample S of individuals.

@ Data: z; c RM, e S.
o Class label: y; € {—1,+1},i € S.
@ Hyperplane: w'z +b= 0.

N

Optimization Problem (Primal)
min  3flw|?+C T &
w, b, & i€ES

st. (Wz+by;>1-&, i€8

\

When a new unseen individual comes...

Score:
() =w'z +b

x is assigned to class +1 iff g(z) > 0.
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What happens in the nonlinear case?
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SVM Problem (Primal).

: 1 2
min s||lwl|*+C ;
w, b, € z (vl Es&

s.t. (w  x +b)y;>1-&, €8S
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SVM Problem (Primal).

: 1 2
min sl|lwl|*+ C ;
w,b,€ 2” | z’gs&

s.t. (Weo (x;)+by; >1-&, €S
§i > 07 i€S
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SVM Problem (Primal). Feature Selection.

: 1 2

min sl|lwl|*+ C ;

b w,b, € 2wl gs&

s.t. (W (x)+by; >1-&, i€S8
fi > Oa i €S

peF
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THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Primal). Feature Selection.

min %||w||2+CZ£i
—Yvwab7£ €S
s.t. (W' (xi) +b)y; >1—-&, €S
g’i > 07 i€S

v 20, Vj

Thanks to the Mercer’s theorem, Mercer [1909] l

28/51

A min-max approach to feature selection for nonlinear SVM classi

Asuncién Jiménez-Cordero



THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Primal). Feature Selection.

min sllwl>+C X &
vavbvg €S

s.t. (w’¢7(zi) +by; >1-¢, ie€S
gi > 07 i €S
v >0, Vj

¢ function is usually unknown. I

29/51

Asuncién Jiménez-Cordero A min-max approach to feature selection for nonlinear SVM classi



THE MIN-MAX OPTIMIZATION PROBLEM

SVM Problem (Primal). Feature Selection.

min min  wl>+C Y &
Y w7b7§ 1ES

s.t. (w’d»,(a:i) +by; >1-¢&, ie€S
gi > 07 i €S
v >0, Vj

¢ function is usually unknown. I
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SVM Problem (Dual). Feature Selection.

minmax . oy —% S aioyiyed(x;) d(xe)
v @ 1ES i
s.t. > oy =0
1ES
a; €0,Cl, 1€S8
v =20, Vj

Asuncién Jiménez-Cordero
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SVM Problem (Dual). Feature Selection.

minmax . oy —% > aiouyiyed(xi) d(e)

v o 1ES i£ES
s.t. > oy =0
i€S

a; €0,Cl, 1€S8
v >0, Vj

K(xi,70) = d(z:)'¢(0)
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SVM Problem (Dual). Feature Selection.

minmax Y o — 3 > aiayyeK (T, 1)

v @ i€S ilES
s.t. Sy =0
€S

a; €[0,C], eS8
v =0, Vj

K (i, 10) = ¢(;)' ¢(0)
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SVM Problem (Dual). Feature Selection.

min max Soai—3 > ajawiyeK (xi, )
v €S iLES
s.t. Y iy =0
i€S
€0,C], ieS
v >0, Vj
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SVM Problem (Dual). Feature Selection.

Anisotropic Gaussian kernel

M

K(xs,2¢) =exp | — Z 7j(37ij - -T%')Q
j=1
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SVM Problem (Dual). Feature Selection.

Anisotropic Gaussian kernel

M

K(xs,2¢) =exp | — Z 7j(37ij - é%’)2
j=1

«vj: importance feature j

@ 7; — 0: no role in the classification.

@ large ;: critical when classifying.
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SVM Problem (Dual). Feature Selection.

Anisotropic Gaussian kernel

M

K (i, m0) = exp [ — > vj(wi5 — w45)?
5=1

@ 7; — 0: no role in the classification.

large v;: critical when classifying.

°
e 7; = 0,Vj = all points classified same class.
°

7; — oo: overfitting.
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SVM Problem (Dual). Feature Selection.

Anisotropic Gaussian kernel

M
K (i, m0) = exp [ — > vj(wi5 — w45)?
5=1

«vj: importance feature j

@ 7; — 0: no role in the classification.
@ large ;: critical when classifying.
e 7; = 0,Vj = all points classified same class.

@ 7; — oo: overfitting.

| A\

Trade-off
o Model complexity.

o Classification accuracy.

v

33/51

Asuncién Jiménez-Cordero A min-max approach to feature selection for nonlinear SVM classification.



THE MIN-MAX OPTIMIZATION PROBLEM

Problem Formulation

] 1
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i€ES i,leES
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Problem Formulation

. 1
min - ly[l5 + mOE}XZOéi ~3 > oy Ky (i, x0)
1= =5 ileS
s.t. Z a;y; =0
=5
0<a; <C,Vi
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Problem Formulation

. 1
min | Ca|[y[[5 + (1 = C2) moz}xZai ~3 > oy Ky (i, w0)

>0
V= i€S ites
s.t. E a;y; =0
€S

OgalgC,Vz
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"M REFORMULATION

Min-max optimization problem.

) 1
min Co|[[5 + (1 = C2) mgxzai ~3 Z aioyiyely (i, vp)
= i€8 i0eS
s.t. Zaiyi =0
i€s

OSOQSC,VZ

A min-max approach to feature selection for nonlinea



"M REFORMULATION

Epigraph form.

(i p _
in Collvllp + (1 - Co)z

1
s.t. z > moz?xz o — 2 Z ooy Ye K (4, Tp)

i€S i,0ES
s.t. Z a;y; =0
i€S

0<a; <C, Vi

A min-max approach to feature selection for nonlinea



PROBLEM REFORMULATION

Strong duality lower level problem (SVM).

(. : P _
min Collylly + (1 = o)z

1
s.t. z > mngai — 5 Z OéiOéeyiysz(xth)

€S ilES
s.t. Zaiyi =0 (v)
€S

0<a; <C, Vi (A2, 28)
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PROBLEM REFORMULATION

Strong duality lower-level problem (SVM).

Dual lower-level problem. Lagrangian. [G, = diag(y) K, diag(y)]

1
min _ — §O‘,G70‘ +(e—vy+ A0 =2 a+C(\% e

a,v,\0 \C
st. Gya—(e—vy+ A" =29 =0
AN >0
0<a<C

v
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PROBLEM REFORMULATION

Strong duality lower-level problem (SVM).

min Colly; +(1 - Gz

1
s.t. z> mgx E oy — B E aiaéyiyZK'y(xiaxf)
i€S i0esS

v
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PROBLEM REFORMULATION

Strong duality lower-level problem (SVM).

min Colplf + (1~ o)z
. 1
stz > a’:,l;\lol’l)\c —ia'G.,a +(e—vy+A° =X a+C(A\%e
st. Gya—(e—vy+A°—2%) =0
A%, 0¢ >0
0<a<C

Dual lower-level problem. Lagrangian. [G, = diag(y) K, diag(y)]

1
min _ — §o/G7a +(e—vy+ A0 =AY a+C(A% e

st. Gya—(e—vy+A° =29 =0

v
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PROBLEM REFORMULATION

Single-level optimization problem

min  Col[v[|h — (1 - Cy) (2/Gra— (e —vy+ A =A%) — C(AY)e)

¥, @, v, A0,
st. Gya—(e—vy+ X =29 =0
7, AN >0
0<a<C
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PROBLEM REFORMULATION

H p _ R
min | C2llvllp + (1 Cz)mgx;saz
1

1
= cioeyiye Ko (i, 3p)

i,LES

s.t. Z a;y; =0
i€S
0<a; <C,Vi

4 P —
Jin Callv[l5 + (1 = C2)=z

. 1
st. 2> min _ ——d'Gya+t
a,v,\0 \C 2

i Py (1 —
Jnin, Col[y[I5 + (1 = C2)=

1
st oz > mgxzo‘i ~3 > cioyiye Ky (w4, x0)

€S i,LES
s.t. Z a;y; =0
€S

0<a; £C, Vi

(e—vy+ X =A%) a4+ C(\) e
st. Gya—(e—vy+ A0 =A% =0

A0 0C >0
0<a<C
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. min C P+ (1—Co)z
min | Colllp + (1~ Co)ymax S a2 @l + (12 C2)
v20 ¢ ies 1

stz >max ) o — 3 > aiayiye Ky (@i, z0)

1 i€S i,LES
5 > aiayiye Ky (zi, w0)
ilES s.t. Z a;y; =0
€S
s.t. Z a;y; =0 .
by 0<a; <C, Vi
0<a; <C,Vi

min Cal[v[|} + (1 — C2)z
720, 2 min  Co|lyllh — (1 — C2) (3¢/Gya—
1 ¥, o, A0 AC
st. 2> min _ ——d'Gya+t
a,p,A00C 2 (e—vy+ A0 =2 a— C()\C)/e)

(e—vy+ X =A%) a4+ C(\) e
st. Gya—(e—vy+ A0 =A% =0

st. Gya—(e—vy+ A% =A%) =0
1A% A 20

0 \C

A% AC >0 0<a<C

0<a<lC
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How to solve the problem?

e Problem very hard to solve (nonlinear, nonconvex, C, Cs).
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How to solve the problem?

e Problem very hard to solve (nonlinear, nonconvex, C, Cs).

min )\CC’2||'y||£ —(1=C2) (3a'Gya— (e —vy + A" =A%) a— C(X9)e)
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How to solve the problem?

e Problem very hard to solve (nonlinear, nonconvex, C, Cs).

min  Col[y[[p — (1 — C) (30/Gyar — (e —vy + A2 — A9) a — C(A9)e)

~, @, A0 A
st. Gya—(e—vy+ A" =A%) =0
7, A% A9 >0
0<a<(C

e Simple solving strategy. No ad-hoc approaches.
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SOLVING STRATEGY

How to solve the problem?

e Problem very hard to solve (nonlinear, nonconvex, C, Cs).

min )\CC’2||'y||£ —(1=C2) (3a'Gya— (e —vy + A" =A%) a— C(X9)e)
V5 @, p,\0,
st. Gya—(e—vy+ A" =A%) =0
1A% >0
0<a<(C

e Simple solving strategy. No ad-hoc approaches.

e Grid search (C,C3) + local solver + k-fold CV
(train, validation, test).
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NUMERICAL EXPERIENCE

Experimental Setup

UCI Machine Learning Repository,
Dheeru and Karra Taniskidou [2017].

diabetes (768 elements, 8 features).
breast (569 elements, 30 features).

p=2.

o Ce{1074,...,10%.
e Cy,€{0,0.1,...,0.9,1}.
e Ipopt.
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Numerical Results

Our Literature Literature No feature
approach benchmark benchmark selection
(ad-hoc) (off-the-shelf)

% accuracy test 77.59 £ 229 | 76.74 £ 1.9 65.114+ 0.36 77.61 £ 3.32
# selected features
(< 1077 6 5 0 8
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NUMERICAL EXPERIENCE

Numerical Results

diabetes

Our Literature Literature No feature
approach benchmark benchmark selection
(ad-hoc) (off-the-shelf)

% accuracy test 77.59 £ 229 | 76.74 £ 1.9 65.114+ 0.36 77.61 £ 3.32
# selected features

(< 10-%) 6 5 0 8

breast

| \

Our Literature Literature No feature
approach benchmark benchmark selection
(ad-hoc) (off-the-shelf)

% accuracy test 96.83 +£2.29 | 97.5540.9 65.23+ 6.19 96.85+ 2.41
# selected features

(< 10-%) 20 15 0 30
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Conclusions

o Min-max optimization problem for SVM classification and
feature selection.

o Single-level reformulation based on strong duality.

o Simple but efficient solving strategy. No ad-hoc.

o Competitive with existing literature results.
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ONS AND FUTURE RES

Conclusions

o Min-max optimization problem for SVM classification and
feature selection.

o Single-level reformulation based on strong duality.
o Simple but efficient solving strategy. No ad-hoc.

o Competitive with existing literature results.

Future Research

@ Reduce even more the number of features.
o Bigger datasets.

e Extension to regression or clustering.

o Application to Power Systems.
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