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Preliminaries
°

Subject of Study: Inverse linear optimization

Minimize  (c” +s")x
X
Subjectto Ax<b
Objective: Estimate ¢ and b from data (observations) {()"(t, s,)tT:1 } ie.,
Input: {s;,t=1,..., T}

Output: {x;,t =1,..., T}, but we observe {X;,t=1,..., T}, as
measurements may be contaminated with noise
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Motivation
[ 1)

Motivating example'

Price
B
m.% Z::Xb(ub - p)
B
st P<Y x%<P (AN
b=1
0<X<Ep (¢,,) Energy

Objective: Estimate u,, b= 1,..., B, P and P from observations {()?,,p,)f:1 } i.e.,

Input: {p;,t=1,...,T}
Output: {x,;,b=1,...,B;t=1,..., T}, but we only observe the (noisy) aggregate
consumption {X;,t=1,..., T}

1J. Saez-Gallego, J. M. Morales, M. Zugno and H. Madsen (2016). A data-driven bidding
model for a cluster of price-responsive consumers of electricity. IEEE Transactions on Power

Systems 31(6): 5001-5011
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Motivation
oce

Motivating example

R
Pe=p+Y aZ
. . r=1
Time-variant R
parameters Pi=7i+Y a:Z;
r=1
R
Upt = /1b+Za,Z,,
r=1
Objective: Estimate ., 1; pp, b=1,...,B; o/, ar,and of, r=1,..., R from

observations {()?t, Pt Zits Zots - - Zaot) }
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Estimation
[ L)

Estimation: Duality-gap minimization

-
mini(r)nize Z €t
t=1

B B
subjectto  PAi — P+ Y Eppy— et =Y Xot(Ups —pr), Vi
b1 b1

Dbt — Pp ¢ + At — Ay =Upt—pr, Vi
gb,h@b’pxhz\hz 07 vt
€ >0, Vit

_ _ _ T
Q= {(617Pta Etaub,h)‘hz\h(bah?b,t) }

t=1
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Estimation
oce

Estimation: Duality-gap minimization?

e The estimation problem is non-linear and non-convex.

o We statistically approximate its solution by solving two linear
programming problems instead.

© A feasibility problem (estimation of power bounds).
@ An optimality problem (estimation of marginal utilities).

¢ A two-step data-driven estimation procedure to achieve optimality
and feasibility of X in a statistical sense.

2. Saez-Gallego and J. M. Morales (2018). Short-term forecasting of price-responsive loads
using inverse optimization. |IEEE Transactions on Smart Grid 9(5):4805-4814
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Solution Method
®00

Feasibility problem: Estimation of power bounds

T
.. . —+
Minimize 1-K ( + +) + ’
PP¢pa ; (( AU x
K(& +¢) )
subject to
P-a;=§ -& vt P
z,t_Btzéj—é; Vit
P <ﬁ Yt = .~ =
e R P, Py, b, 1, @y, ty
Py=p+) 0z vt
r=1
R
Po=p+Y a7, vt
— __T:I K controls the percentage of
0<8,,& 7§t+,§t_ vt observations falling within [P, P]
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Solution Method
ceo

Optimality problem: Estimating marginal utilities

T P ;o
L x" optimal?
M
1n}lmlze Z €t
t=1
R N B
subject to Pi X\, — P, A, + Z By, — € =
b=1
B P
Z j;;,t (ubt — pt) vt
b=1
_Qb,t + ¢b,t Nt AN= Up,t — Dt Vb, t 0 1, B
Upe =+ >0 2y Vb, t
i
My 2= My Vb < B
pd > 200 4 pd
0 S )\t’At7Qb)t’¢b,t‘€t Vb,t.
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Solution Method
ocoe

Solving the estimation problem

In the bound estimation problem, the penalty parameter K is statistically
tuned through validation:

Training set — Used for parametter fitting
for each posible value of K

(x,p, Z) data set

Validation set — Used to tune parameter K

Test set — Used to assess forecasting
performance

We choose K so that the out-of-sample
prediction error is minimized
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Noiseless case
©0000

Noiseless case: x;=x;, t=1,.... T

e We assume p; ~ N(0.050,0.0125); Z = (pt—1,Ppi—2)

e We analyze 3 cases:

o Case 1: (Up,, Py, Py) are time-invariant
e Case 2: up; is time-variant and (P,, P;) are time-invariant
e Case 3: (Up,t, Py, Pt) are time-variant

e Letusassume uy; = 0.2, uy = 0.070, pp = pp—1 — 0.0015 Vb > 2, 4 =0,
7 =100

ar o, Qr
1 2 1 2 1 2
1 0.0 0.0 0.0 0.0 0.0 0.0
2 -0503 0.0 0.0 00 0.0
3 -05 0.3 100 -20 200 -100

Case

e We consider 8 data samples of sizes: 150, 200, 300, 400, 500, 1000, 2000, 3000.
Q" = 100 last periods (identical for all of them); Q" / Q" = 70%/30%
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Noiseless case
[e] Yolelo)

Noiseless case: x;=x;, t=1,.... T

e Normalized root mean square error

10

Case 1

8 Case 2
g —o— Case3
= 6
w
g
z 4
z

2

[

150 200 300 400 500 1000 2000 3000

Sample size

e Optimal hyper-parameter K tends to 1 when increasing the sample size
e Estimated parameter for case 1 (time-invariant!)

Sample size m U& o i
150 0.062 21.05 100.0
200 0.067 5.26 100.0
300 0.070 0.00 100.0
True 0.070 0.00 100.0
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Noiseless case
00800

Noiseless case: X; , t=1,....T

« Results for case 2: up; is time-variant and (P;, P;) are time-invariant

Values of u Values of a
0.0700
) 0.25
Tg 0.0675
5 0.00 1
2 0.0650 A
2 -0.25 1
2 0.0625
-0.50
T T T T T T T T T T T T T T T T
le—17
0.05 - 0
- Estimated
5 —— True u
5] -1
2 0.00 Estimated value for r=1
g Py —— True value for r=1
S Estimated value for r=2
—0.05 4 —— True value for r=2
T T T T T T T T T T T T 1 T T T
0
- 1101
c
5
8 ~100 4
5 105 4
Q
o
> —200
100 T T T T T T T T T T T T T T T T
150 200 300 400 500 1000 2000 3000 150 200 300 400 500 1000 2000 3000
Sample size Sample size
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Noiseless case
00080

Noiseless case: X;

o Results for case 3: (up, Py, Pt) are time-variant

Values of u Values of a
2 0.0700 0.251
=
2 0.0675 4 0.00
©
£
© 0.0650 - ~0.25 4
®©
=
0.0625 - -0.50
T T T T T T T T T T T T T T T T
- 100
- 20 Estimated
§ — Truepu 0
Qo i -
= 101 ~1001 Estimated value for r=1
2 —— True value for r=1
S 200 Estimated value for r=2
0 —— True value for r=2
T T T T T T T T T T T T T T T T
200
2 115
3
8 1104 01
g
1054
3 ~200 1
100 T T T T T T T T T T T T T T T T
150 200 300 400 500 1000 2000 3000 150 200 300 400 500 1000 2000 3000
Sample size Sample size
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Noiseless case
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Noiseless case: x;=x;, t=1,.... T

Takeaway message: Our two-step estimation procedure
performs satisfactorily in a noiseless setup, but...

What if the observations (Xi, X2, . . ., Xr) are corrupted with some
measurement i.i.d. noise w; ~ N(0,0)?
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Noisy case
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Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

Consider the following illustrative linear program?:

min (0+p)-x

s.t —1<x<1

Objective: Estimate ¢ from observations (X, p;) where:

P1,P2, ...y Pts - -, priid, with pr ~ U(-2,1)
)~(t = Xt + wp, With wy, ..., wy, ..., w7 id.d with wy ~ N(O,1)

3A. Aswani, Z.-J. Shen and A. Siddiq (2018). Inverse optimization with noisy data. Operations
Research 66(3):870-892
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Noisy case
0®0000000

Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

. . T = 10000
Optimality problem: 1.00
0.75
N mln €t '
916176h§, t=1 0.25 1
s. t. (5—1— pt> Xt — € = _Bt — ﬁﬁ vt (@ 0007 AA“
_ a —0.25 A o A
éf —Bi=0+u, Vit 0,50
B, B, =20, Vvt -0.75 1
e >0, Vt -1.00

-1.0 -05 0.0 0.5 1.0

Unable to recover the true parameters!
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Noisy case
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Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

Any idea to preserve statistical consistency?
Let us assume asymptotic regime, i.e., T 11:

Weak duality: (9+pr) - xi > —B, — 5,
Strong duality: (6 + pr) - i = —53,(0) — 5,(6)

(§+p,).}f—e,:—ﬁ,—§t:>(§+pt>.(x,+w1)—e,:—B,—@t:>

= (§+Pt)'Xt+§wt+,0twr—€t:—3t—5t

Since lTZ,; w; — 0 and ]TZtT:1 pw: — 0 when T 17, we have

T T
Ze,:2(5+pt)~xf+3t+§t20and —0iffg=0

t=1 t=1
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Noisy case
[e]eYe! YoleleYele)

Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

T = 10000
Recast optimality problem 1.00
0.75 A
- 0.50 -
min €t -
e’et’ﬁ”ét 1‘:21 0.25 1
St (0+p) X —er=—B— B, vt (@ 0007
3 —0.25
ﬁt—b’t=9+ut7 Vi
- —0.50
Prf, 20, ~0.75
GtZO, Vt:)”(te [—1,1] ~1.00 .

-10 -05 00 05 1.0
6

2
Minimizing ‘Z; e,-‘ or (Zt; e,) should be theoretically equivalent when
T 17, but not in practice (finite-sample regime)
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Noisy case
000080000

Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

Minimize |Y¢;| — Simplex Minimize | Y| — Barrier
> 1.00

1.00
0.75 { b 0.75 {
0.50 1 o ’ﬁ 0.50 1
o® w
0.251 0.25 1
.... :;V w'
(@ 0.00 1 # 0.00 1
, * L
-025 ¥ wwx F a4 +0.25 4
2. (IR
-0.50 10.50
v,
~0.75 4 # ' H0.75 1,
-1.00 : : : 1.00 . . .
-10 -05 00 _ 05 10 -10 -05 00 _ 05 10
Minimize (D &)? Minimize D ¢;
1.00 2e 1.00 p1
0.75 0.75 1
0.50 ® |o050 °
0.25 0.251
(@ 0.00 0.00 1
-0.251 10.25
~0.50 10.50
o0
-0.75 L0.75 1
~1.00 4 1.00
-10 -05 00 05 10 -10 -05 00 05 10
6 6
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Noisy case
000008000

Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

Statistical consistency is a theoretical nice property, but not that useful in

practice, where we normally work under a finite-sample regime (that is, T not
big enough)

What about the bias and variance of the estimated parameters?
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Noisy case
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Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

T =500
1.00
—— lIdeal
0.751 Min | Y&l — Simplex
0.50 A Min Y& — Barrier
*  Min (3¢)?
0-251 A MinYe
(® 0.00 A

T

-10 -05 00 05 10
6

Checking for bias: Estimator average over 100 instances of T = 500
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Noisy case
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Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

T = 200 with 500 instances and 6 =0

0.6 *
. . .
0.4
. .
0.2
0.0
(@ -0.21
O
~0.4
—0.6 4
~0.81
.
-1.0 T T T T
Min |Y¢;| — Simplex Min |Y¢| — Barrier Min (Tei)? Min Y
Method

Checking for bias and variance: Box plot of the parameter estimator
computed for 500 instances of T = 200 (true value § = 0)
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Noisy case
00000000e

Noisy case: X; = x; +w;, t=1,...,T;, w:~ N(0,0)

Bias-variance trade-off: Minimize L "/ |e| + (1 — L) ‘ZL ¢i|, with L being a control

parameter (L—0as T 1)

L-Y |&| +(1—L)- | €| with 100 instances and 6 =0

0 1e:08 1e:07 1e:06 1e:05 00001 0.001 01 02 03 04 05 06 07 08 09 1
Value of L

LY |&| +(1—L)- | €| with 100 instances and 6 = 0.5

0 1e-08 1e-07 1e06 1e:05 00001 0001 01 02 03 04 05 06 07 08 09 1
Value of L
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Conclusions
)

Conclusions

o A fast method for inverse linear optimization able to recover the true
parameters under a noiseless setup (even in the case of unknown
right-hand side parameter vector)

¢ Different alternatives to preserve statistical consistency in the presence
of noise in the measurements

e These alternatives exhibit different behaviors in terms of bias and
variance
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Future Work
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Future Work

¢ Need for theoretical insight
e Extension to the case of unknown parameters in the constraints

e Extension to inverse convex optimization
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Future Work
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Contacts

Any questions?

European Research Council

Juan Miguel Morales

BASYS
juan.morales@uma.es

OASYS Webpage: oasys.uma.es
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