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Abstract

Electricity producers participating in electricity markets face risks pertaining to both selling

prices and the availability of the production units. Among electricity derivatives, options rep-

resent an adequate instrument to manage these risks. In this paper, we propose a multi-stage

stochastic model to determine the optimal selling strategy of a risk-averse electricity producer

including options, forward contracts, and pool trading. A detailed case study highlights the

advantages of an option vs. a forward contract to hedge against the financial risks related to

pool prices and unexpected unit failures.
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multi-stage stochastic programming.

1. Introduction

1.1. Motivation and purpose

Over the last decade, electricity energy systems worldwide have undergone major restruc-

turing, introducing competition among electricity suppliers. In this environment, electricity is

commonly traded in a pool. Due to the non-storability of electricity, the uncertain and inelas-

tic demand, and the physical capacity of transmission limits, electricity pool prices are highly

volatile. Thus, electricity producers need to manage the risk associated with the volatility of

the pool price to avoid financial losses. Additionally, unexpected failures of production units
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entail a financial risk because of the impossibility of delivering the energy pertaining to con-

tract obligations during those time steps in which some of the production units are forced

out. Forward contracts and options are the main derivatives for risk management in electric-

ity markets (Deng and Oren, 2006; Liu and Wu, 2007).

Forward contracts are agreements to buy/sell a fixed amount of electricity at a given price

throughout a certain time span in the future. Selling electricity through a forward contract at

a fixed price allows electricity producers to hedge against the risk due to pool price volatil-

ity. On the other hand, the main disadvantage of a forward contract is that its delivery is

mandatory, i.e., if the electricity producer is unable to deliver the agreed amount of energy,

it must buy the corresponding energy in the pool to indirectly deliver it. If the pool price

is high during these time steps, financial losses may occur. Although usually neglected in

long-term trading, forced outages of production units may have significant effects on short

and medium-term trading (Haghighat et al., 2008). For example, considering the Generating

Availability Data System of NERC (NERC, 2010), the average forced outage rates of coal, oil

and gas production units between 2002 and 2006 were 4.1%, 7.8%, and 2.6%, respectively.

Therefore, a risk-averse producer has to decide its optimal forward contract portfolio taking

into account the volatility of the pool price (price risk) and the possibility of experiencing

production unit failures (availability risk) (Pineda et al., 2008; Beenstock, 1991).

Alternately to sell electricity through forward contracts, a producer can sell its production

through options. An option is a contract which gives the holder of the option the right (not

the obligation) to buy/sell a specified amount of energy during a certain future time at the so-

called strike price (Hull, 2003). Therefore, an option provides more flexibility than a forward

contract since the holder can decide whether or not the option is exercised at a future time

depending on the availability of its production units and/or the pool price. On the other hand,

whereas signing a forward contract entails no cost, there is a non-refundable cost to acquire an

option, which is called option price. In this paper, we consider options on physical forward

contracts, i.e., the exercising of the option necessarily implies the physical delivery of the

agreed amount of electricity (Deng and Oren, 2006; Oum et al., 2006).
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1.2. Literature review and contribution

Although the technical literature is not broad, several works analyze the different types

of risks faced by electricity producers as well as the derivatives to manage these risks (e.g.,

Deng and Oren (2006), Liu and Wu (2007), Tan et al. (2005), and Paravan et al. (2004)).

References Kaye et al. (1990) and Tanlapco et al. (2002) analyze forward contracts as deriva-

tives to manage price risk in electricity markets. On the other hand, reference Quan and Hao

(2004) shows that options reduce the price risk and allow market participants to increase their

potential profits. Since electricity cannot be stored, the well-known Black-Scholes’ equation

(Wu, 2004) is not generally a good method for pricing electricity derivatives. In this context,

reference Lane et al. (2000) proposes a heuristic algorithm to value electricity options. Ref-

erence Richter and Sheblé (1998) analyzes the impact of options and forward contracts on

the offering strategies of electricity market agents. References Oum et al. (2006) and Xu et

al. (2006) discuss the possibility of mitigating the risks faced by load serving entities using

electricity options.

Within the context above, the contribution of this paper consists in analyzing electricity

options as instruments to manage the two main risks faced by price-taker electricity produc-

ers: price and production-availability risks. This is achieved through a multi-stage stochastic

programming model (Benth, 2008; Fleten et al., 2008), which is used to decide the optimal

portfolio of forward contracts and options for a risk-averse electricity producer taking into

account the pool price volatility, the unexpected production unit failures, and the uncertain

forward prices. Although contributions to manage price risk through options have been re-

ported in the literature, contributions to manage availability risk have not.

1.3. Paper organization

The rest of this paper is organized as follows. Section 2 describes the model proposed,

including a characterization of production units, pool prices, forward contracts, and options.

The corresponding multi-stage stochastic optimization problem is explained in Section 3.

Section 4 reports a case study whose results highlight the advantages of managing risk using

options. Relevant conclusions are stated in Section 6. The modeling of the Conditional
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Value-at-Risk (CVaR) is briefly presented in Appendix A. Appendix B provides the notation

used in this paper.

2. Model characterization

2.1. Model assumptions

The following modeling assumptions are made:

1. The production units owned by the electricity producer are thermal units, being each

one a dispachable source of electricity whose cost is modeled by a piecewise linear

function and whose power output is limited by minimum and maximum bounds. Ramp

limits and minimum up and down times are short-term operating constraints disre-

garded in the proposed model.

2. The electricity producer can sell its production in the pool at volatile prices, or at fixed

prices through forward contracts or options. For the sake of clarity, the arbitrage (un-

derstood as the practice of making profit by a simultaneous purchase and sale of the

same commodity) between these markets is avoided in the proposed model.

3. The prices of forward contracts and options are not affected by the decisions made by

the electricity producer, which is assumed to behave as a price-taker.

4. Three uncorrelated sources of uncertainty are considered in the proposed model: the

pool price, the availability of the production units, and the forward prices.

5. Although both physical and financial options are available in electricity markets, due

to the energy-oriented approach of the work reported in this paper, all the considered

options imply the physical delivery of the option power.

6. Only European put options are considered in this paper.

7. Options can be traded any time up to their expiration date. However, for the sake of

simplicity, the electricity producer is only allowed to trade options at the beginning of

the decision horizon for a certain option price.

8. The time throughout the decision horizon is measured in hourly steps.
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2.2. Production unit availability

In this section we present the availability characterization of a single production unit.

Taking into account that the failure and repair rates of this unit are constant, the probability

that the unit is available in time t is (Dhillon, 2007):

p(kt = 1) =
µ

λ + µ
+
µ · (k0 − 1) + λ
λ + µ

e−(λ+µ)(t−t0), (1)

where k0 is equal to 1 if the unit is available at t0 and 0 otherwise, λ is the production unit

failure rate, and µ is the production unit repair rate. The probability that the production unit

is unavailable in t is equal to 1 − p(kt = 1).

The failure rate (λ) and repair rate (µ) are equal to the inverse of the mean time to failure

(MTTF) and mean time to repair (MTTR), respectively, i.e., λ =
1

MTTF
and µ =

1
MTTR

. The

values of the MTTF and MTTR are determined based on historical data. The forced outage

rate (FOR) is the percentage of time that the production unit is unavailable, i.e., FOR =
MTTR

MTTF +MTTR
, (Billinton, 1984).

As stated in Billinton (1984), if the unit is initially available (k0 = 1), the probability that

the unit is available in the next hour is equal to

p(k1 = 1) =
µ

λ + µ
+
λ

λ + µ
e−(λ+µ)·1. (2)

Randomly simulating a Bernoulli distribution with success probability p(k1 = 1), we obtain

a possible realization of the availability of the unit for the first hour of the study horizon.

Repeating the same process for each hour of this study horizon and updating the success

probability of the Bernoulli distribution as

p(kt = 1) =
µ

λ + µ
+
µ · (kt−1 − 1) + λ

λ + µ
e−(λ+µ)·1, (3)

we obtain one availability scenario of the unit for the whole study horizon. In order to charac-

terize the uncertainty associated with unit failures, a sufficiently large number of availability

scenarios has to be generated.

Considering (1), note that for t high enough, the probability that the unit is available is

independent of its initial status k0 and is equal to
µ

λ + µ
. On the other hand, for a small t, this
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probability strongly depends on the initial status of the unit. In order to visualize this relevant

effect, Fig.1 depicts the probability that a production unit with FOR equal to 10% is available

during one month depending on its MTTF and its initial status. In Fig. 1(a), the MTTF of the

production unit is much smaller than the time horizon NT and therefore, the probability that

the unit is available depends on its initial status only for the first few time steps of the time

horizon. For time steps higher than 100, the probability that the unit is available is practically

the same whether or not the unit was initially available. On the other hand, in Fig. 1(b), the

MTTF of the production unit is much larger than NT and therefore, the probability that the

unit is available depends on its initial status during the whole time horizon.
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Figure 1: Availability probability functions.

Consequently, for a given time horizon and FOR, the higher the MTTF, the more impor-

tance has the current status of the unit to predict its future availability.

Finally, it is relevant to note that if the electricity producer owns several units, availability

scenarios are formed by combining the individual availability scenarios of the different units,

which are generated according to the above procedure.

2.3. Pool price

Uncertainty related to pool prices is characterized via a set of scenarios. Historical pool

price data are used to adjust the parameters of an ARIMA model (Conejo et al., 2005). Then,
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hourly pool price scenarios are generated randomly simulating the innovation term of the

ARIMA model.

Since a price-taker producer is considered, i.e., a producer that has no influence on the

market clearing prices, production unit failures do not affect pool prices and thus, the possible

correlation between these stochastic processes (price and unit failures) is neglected. More-

over, to avoid arbitrage, the electricity producer is not allowed to buy electricity from the

pool, expect during these time steps in which the production unit is forced out.

In medium-term decision-making models, the level of uncertainty involved in pool deci-

sions is much smaller than that affecting other type of decisions such as the energy to be sold

through forward or option contracts. For this reason, decisions on pool trading are assumed

to be made with perfect information. Within a multi-stage stochastic programming model,

this assumption is mathematically stated by considering that pool decisions affecting a given

time period depend on each scenario realization.

2.4. Forward contracts and options

Forward contracts in electricity market can be settled either physically or financially (Lien

and Tse, 2006). However, and given that the model proposed in this paper is energy-oriented,

we consider that all power traded is within physical limits, in other words, that all forward

contracts imply the physical delivery of the electricity. Therefore, each forward contract is

characterized by a given quantity, a fixed forward price, and a delivery period. Knowing this,

the producer has to decide how much energy to sell through each available forward contract.

A put/call option is an agreement which gives the buyer the right, but not the obligation,

to sell/buy a particular amount of electricity during a certain future time period and at a fixed

price called strike price. Needless to say, buying an option has an additional cost (compared

with a forward contract) called option price, which has to be paid even if the option is not

exercised. Depending on whether the option can be exercised at any time up to the expiration

date or only on the expiration date itself, options are classified into American or European

options, respectively (Hull, 2003). In this paper, only European put options are considered.

Moreover, all options analyzed in this paper are option on physical forward contracts, i.e., the
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exercise of the option implies the physical delivery of the agreed option power (Spinler et al.,

2003).

Fig.2 illustrates the differences between a forward contract and an option to hedge against

price risk. In this figure, the profit/loss of a electricity producer selling its electricity through

either a forward contract with a price equal to λc or a put option with a strike price equal

to λS
o and an option price equal to λO

o are compared for different values of the pool price λP.

The profit/loss related to the forward contract depends on experiencing low/high pool prices,

and moreover, it is unlimited. On the other hand, if the producer has purchased a put option,

the loss associated with high pool prices are reduced to the option price by not exercising the

option. Note, however, that the profit obtained if low pool realize is lower than that associated

with the forward contract because of the option price.
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Figure 2: Forward contract vs. Put option.

It is also important to note that the producer considered in this study acts as a price-taker

in the trading of derivatives, i.e., producer decisions to acquire forward contracts or options

to sell electricity do not affect the prices of these derivatives.
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2.5. Decision framework

Decisions related to electricity options are made in different stages. First, the producer has

to decide whether or not to sell electricity through a given option, and later, and provided that

the option has been purchased, the producer has to determine whether or not it is exercised.

Since we consider European options, this second decision has to be made on the expiration

date. Therefore, the study horizon is divided in two periods and three stages (Fig. 3).

As an example, we consider that the producer can sell its production at fixed prices

through two forward contracts and an option. The first forward contract spans period 1 (com-

prising time steps t = 1, . . . ,NT1), which implies that the producer must deliver the agreed

energy during each hour of period 1. Likewise, a second forward contract spanning period 2

(comprising time steps t = NT1 + 1, . . . ,NT ) is considered. Moreover, the producer has the

possibility of selling its production through an option spanning period 2 (comprising time

steps t = NT1 + 1, . . . ,NT ). This option can be bought at the beginning of period 1 and

exercised at the beginning of period 2. Therefore, the sequence of decisions is the following:

- Stage 1. Determination of the energy to be sold through the available forward con-

tracts (whose delivery periods are within either period 1 or 2) and the energy to be

sold through the available option for period 2. These decisions are made consider-

ing all plausible realizations of the stochastic processes involved, i.e., knowing neither

the pool price, nor the forward prices, nor the unit availability throughout the study

horizon.

- Stage 2. Once the pool price and the unit availability throughout period 1 are known,

both the amount of energy that the producer sells in the pool and its production planning

during this period, i.e., from t = 1 to t = NT1 are determined. Additionally, the producer

can modify the energy sold through the forward contract spanning period 2 depending

on the updated forward and pool prices. Finally, if the put option has been purchased,

the producer decides whether or not to exercise it.

- Stage 3. Once pool prices and the unit availability during period 2 (t = NT1 +1, . . . ,NT )
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become certain, the producer determines the energy to sell in the pool during period 2

as well as the produced energy by the unit from t = NT1 + 1 to t = NT .

Stage 1 Stage 2 Stage 3

Period 1 Period 2

Figure 3: Time horizon and stages.

Observe that although the option spanning period 2 can be traded any time up to the

beginning of this period, we have simplified its trading by allowing the producer to sign

options only at the beginning of period 1. Additionally, note that there is no incentive to

acquire an option close to its maturity since almost no new information becomes available

between its purchase and its exercise.

It is important to highlight that other arrangements involving a larger number of forward

contracts and options and a different time-horizon setting can be modeled similarly as in the

example described above.

In two-stage stochastic problems, some decisions (here-and-now decisions) are made be-

fore the uncertain parameters are known, whereas other decisions (wait-and-see decisions)

are delayed until the stochastic processes realize in particular values. Multi-stage recourse

problems deal with models in which this “decide-observe-decide” pattern is repeated more

than once and therefore, they turn out to be an adequate mathematical model to determine

option purchases in electricity markets (Birge, 1997; Fleten et al., 2002).

Fig. 4 depicts an illustrative scenario tree for a three-stage stochastic problem. Each

branch represents the realization of the stochastic processes between two consecutive stages.

For example, each branch between stages 1 and 2 corresponds to a possible realization of

the pool price and the unit availability during period 1. Likewise, each node corresponds to

the decisions to be made in each stage. In this sense, decisions in stage 1 are made facing

uncertainty affecting period 1 and 2; decisions made in stage 2 depend on the realization of
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the stochastic processes during period 1, but they are independent of the possible scenario

realizations during period 2; and third-stage decisions are selected depending on each real-

ization of the stochastic processes throughout the study horizon. In Section 3.1, we present

the constraints that impose the non-anticipativity conditions implied by the above decide-

observe-decide process. The duration of each period and the decisions in each stage are

specified in Fig. 4.

Period 2
t = NT1

+ 1, ..., NT

Period 1
t = 1, ..., NT1

Stage 2
Period 1 pool decisions and
scheduling, option exercising,
forward contract re-trading

Stage 3
Period 2 pool
decisions
and scheduling

Stage 1
Forward and
option contract
decisions

Figure 4: Three-stage scenario tree.

2.6. Scenario generation

In order to appropriately characterize the uncertainty of the parameters involved in the

proposed model, the sequence of decisions of the multi-stage stochastic problem has to be

taken into account to generate the scenario set. In other words, the knowledge of the realiza-

tion of a stochastic process during period 1 has to be properly taken into account to generate

11



the scenario set representing the uncertainty of the same process during period 2.

Availability scenarios are built as follows. First, a scenario set representing the availability

of the production unit during period 1 is generated according to the method explained in

Section 2.2. Then, and for each scenario generated for period 1, a new availability scenario

set for period 2 is generated considering the initial status of the unit (k0) as its availability in

the last hour of period 1.

Pool price scenarios are built as follows. A scenario set representing the pool price during

period 1 is generated by simulating the innovation term of the ARIMA model (Section 2.3).

Then, the values of each pool price scenario for period 1 are taken as certain and included

in the ARIMA model to generate each scenario set for period 2. In this way, a scenario of

high/low pool prices during period 1 gives rise generally to a scenario set of high/low prices

during period 2.

Forward contracts with power delivery during period 2 can be traded in both stages 1

and 2, at known and uncertain prices, respectively. Thus, a scenario set representing forward

prices at the end of period 1 needs to be generated.

2.7. Risk treatment

Electricity producers are generally risk-averse, i.e., they make their decisions based not

only on the expected profit but also on the probability of suffering low profits. The risk

measure considered in this paper is the Conditional Value-at-Risk (CVaR) of the profit distri-

bution with a confidence level α (Rockafellar and Uryasev , 2000; Pflug, 2000). If α is equal

to zero, the CVaR coincides with the expected value of the whole profit distribution. On the

other hand, a value of α close to 1 makes the CVaR equal to the lowest profit. Therefore,

the risk aversion of the producer is simulated by increasing the confidence level α from 0

(risk-neutral case) to 1 (highly risk-averse case). The modeling of the CVaR is presented in

Appendix A.

3. Formulation

The proposed model is formulated and discussed below.
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3.1. General formulation

The deterministic equivalent of the considered multi-stage stochastic programming prob-

lem is

Maximize
PP

tω,P
G
i tω,Po,yoω,P1

c1 ,P
1
c2 ,P

2
c2ω,ζ,ηω

ζ − 1
1 − α

NΩ∑
ω=1

πωηω (4a)

subject to

NI∑
i=1

PG
i tω =

∑
c1∈F1

t

P1
c1
+
∑

c2∈F2
t

(P1
c2
+ P2

c2 ω
) +
∑
o∈Ot

yoωPo + PP
tω, ∀t,∀ω (4b)

PG
i tω ≤ ui tωki tωPmax

i , ∀i,∀t,∀ω (4c)

PG
i tω ≥ ui tωki tωPmin

i , ∀i,∀t,∀ω (4d)

Πω =

NT∑
t=1

λP
tωPP

tωLt −
NT∑
t=1

NI∑
i=1

CiPG
i tωLt +

NC1∑
c1=1

λ1
c1

P1
c1

Tc1+ (4e)

+

NC2∑
c2=1

(λ1
c2

P1
c2
+ λ2

c2 ω
P2

c2 ω
)Tc2 +

NO∑
o=1

(−λO
o + yoωλ

S
o)PoTo, ∀ω (4f)

− Πω + ζ − ηω ≤ 0, ∀ω (4g)

PG
i tω = PG

i tω′ , ∀i,∀t = 1, ...,NT1 ,∀ω,ω′ : ω′ ∈ S ω (4h)

PP
tω = PP

tω′ , ∀t = 1, ...,NT1;∀ω,ω′ : ω′ ∈ S ω (4i)

ui tω = ui tω′ , ∀i,∀t = 1, ...,NT1 ;∀ω,ω′ : ω′ ∈ S ω (4j)

P2
c2 ω
= P2

c2 ω′ , ∀c2,∀ω,ω′ : ω′ ∈ S ω (4k)

yoω = yoω′ , ∀o,∀ω,ω′ : ω′ ∈ S ω (4l)

P2
c2 ω
= P2

c2 ω′ , ∀c2,∀ω,ω′ : (ki NT1 ω
= ki NT1 ω

′ ,∀i, and λP
tω = λ

P
tω′ ,∀t = 1, ...,NT1) (4m)

yoω = yoω′ , ∀o,∀ω,ω′ : (ki NT1 ω
= ki NT1 ω

′ ,∀i, and λP
tω = λ

P
tω′ ,∀t = 1, ...,NT1) (4n)

P1
c1
≥ 0, ∀c1 (4o)

P1
c2
≥ 0, ∀c2 (4p)

ηω ≥ 0, ∀ω (4q)

Po ≥ 0, ∀o (4r)
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PP
tω ≥

NI∑
i=1

(ki tω − 1)PMax
i , ∀t,∀ω (4s)

P1
c2
+ P2

c2 ω
≥ 0, ∀c2,∀ω (4t)

ui tω ∈ {0, 1}, ∀i,∀t,∀ω (4u)

yoω ∈ {0, 1}, ∀o,∀ω (4v)

where

S ω = {ω′ : (λP
tω′ = λ

P
tω, ki tω′ = ki tω,∀i,∀t = 1, ...,NT1) and (λ2

c2 ω′ = λ
2
c2 ω
,∀c2)}.

Objective function (4a) corresponds to the CVaR of the probability distribution of the

profit over all stages. The modeling of the CVaR is explained in Appendix A.

Constraints (4b) make the power generated in each time step and scenario equal to the

power sold trough forward contracts, through options (only put options are considered), and

in the pool. Note that if this constraint is removed from the model, the power traded from

forward and option contracts are not constrained by the physical production of the units and

therefore, both contracts can be understood as financial derivatives instead of physical con-

tracts. Constraints (4c) and (4d) bound above and below, respectively, the generated power.

Constraints (4f) define the profit obtained in each scenario ω. The first term represents the

sum over all time steps of the revenue obtained in the pool; the second term is the produc-

tion cost; the third one, the revenue associated to forward contracts spanning period 1; the

fourth one, the profit of the energy traded through forward contract spanning period 2; and

the last one, the revenue pertaining to the signed options. Constraints (4g) impose that the

optimal value of each ηω associated with a scenario with a profit lower than the VaR (Value-

at-Risk, see Appendix A) is equal to the difference between the VaR and that profit, and 0

otherwise (Pflug, 2000). Constraints (4h)–(4l) are the nonanticipativity constraints that im-

pose that second-stage decisions are made knowing the corresponding scenario realization

during period 1, but still facing the uncertainty related to period 2 (Higle, 2005). Two sets of

availability scenarios for period 2 associated with two availability scenarios for period 1 with

the same final unit status are generated using the same probability distribution. Therefore, if
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a sufficiently high number of scenarios is generated to represent the availability uncertainty

during period 2, two-stage decision variables associated with all the availability scenario sets

for period 2 sharing the same final unit status in period 1 will be naturally the same. How-

ever, since a relatively small number of scenarios must be considered to make the stochastic

optimization problem computationally tractable, these availability scenarios sets for period 2

that are generated with the same final unit status in period 1 may be comprised of very differ-

ent availability scenarios, thus probably leading to different two-stage decision variables. In

order to artificially eliminate the possibility of obtaining results that contradict the previous

statement, constraints (4m) and (4n) are included in the stochastic optimization model. Con-

straints (4o)–(4r) are nonnegativity declarations. Constraints (4s) prevent arbitrage between

futures and pool markets by allowing the electricity producer to buy energy in the pool only

in those time steps and scenarios in which some production units are forced out. If such con-

straint is removed, arbitrage does occur. Although the power re-traded through each forward

contract c2 at stage 2 can be positive or negative, constraints (4t) impose that the producer

can only sell electricity through each forward contract c2 to avoid arbitrage (for the sake of

simplicity). Constraints (4u)–(4v) are binary variable declarations.

The above optimization problem contains two non-linear constraints (4b) and (4f), in

which the continuous variable Po is multiplied by the binary variable yoω. However, this

product can be easily linearized (Williams, 1999).

Note that only options to sell electricity are included in the stochastic optimization model

(4). However, other types of options can be modeled within the proposes multi-stage stochas-

tic framework.

3.2. Maximum option price

In the optimization model described in the previous section, the option price of the avail-

able option is assumed to be known at the beginning of the study horizon. However, the

maximum option price that a electricity producer is willing to pay for a given option can also

be calculated by solving two optimization problems in which the strike price and the option

power sold through the option, λS
(o) and Po, are given parameters. The value of the CVaR
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in the first problem (CVaR1) is calculated considering that there is no available option. In

the second problem, an option is considered with option and strike prices equal to 0 and λS
o ,

respectively. The value of the CVaR in this case is denoted CVaR2. Since the CVaR is a co-

herent measure of risk (Pflug, 2000), an increase of the option price in problem 2 originates

a proportional decrease in CVaR, i.e.,

CVaR = CVaR2 − λO
o PoTo. (5)

where To is the duration of the delivery horizon.

Note that although Po is a continuous variable, the above property needs Po to be constant

and therefore, the maximum option price is calculated for a fixed value of the power sold

through the option.

The maximum option price that the electricity producer is willing to pay for the option is

the one that makes the value of the CVaR equal to that obtained if the option is not available,

i.e., CVaR1. Therefore, the maximum option price λO∗
o is calculated as

λO∗
o =

CVaR1 − CVaR2

PoTo
. (6)

The value of the maximum option price provides information on how much the producer

is willing to reduce the price of the energy it sells through the option in order to postpone

some decisions until more information of the uncertain parameters become known.

It is worth mentioning that although the optimization model (4) can be solved considering

several options to sell electricity, the procedure presented in this section to identify the max-

imum option price that a electricity producer is willing to pay considers that just one option

is available.

4. Case study

For simplicity, and in order to highlight the main features of options, the electricity pro-

ducer of this case study is assumed to own only one production unit and can sing just one

option to sell electricity. The extension to the multi-unit and multi-option case is straight

forward.

16



The purpose of this case study is threefold. Firstly, we compare the profit made by a

electricity producer that sells electricity through a forward contract spanning period 2 with the

profit obtained if a put option for the same period is acquired. The situations in which selling

electricity through options, instead of through forward contracts, entails advantages for the

electricity producer are highlighted for different FOR and risk-aversion levels (α). Secondly,

the optimal power to be sold through an option is determined by solving optimization problem

(4). Finally, the maximum option price that the electricity producer is willing to pay for a

given option is calculated for different strike prices, FOR and risk-aversion levels.

4.1. Data

The planning horizon of this case study comprises 2 months. Periods 1 and 2 span the

first and the second month, respectively. Historical pool price data from EEX (EEX, 2009)

during three years (2004, 2005, and 2006) are used to adjust the parameters of an ARIMA

model (Conejo et al., 2005). Hourly pool price scenarios are generated randomly simulating

the innovation term of the ARIMA model, which consists in a Gaussian random variable of

zero mean and standard deviation equal to 0.16. An initial set of 500 scenarios representing

the pool price during the first month is generated and reduced to 10 using a scenario reduction

technique that, roughly speaking, consist in solving one optimization problem per scenario of

the original tree and to merge those scenarios with similar enough objective function optimal

values (Morales et al., 2009; Pineda and Conejo, 2010). Then, and for each one of these

10 scenarios, the values of the pool price during the first month are included in the ARIMA

model to generate a set of 200 pool price scenarios for the second month. Each one of these 10

scenario sets are reduced from 200 to 3 pool price scenarios in order to obtain a final set of 30

scenarios. This number of scenarios is appropriate since considering a higher number does

not significantly change producer decisions. Additionally, and for the sake of tractability,

hourly pool prices are aggregated in 3 prices per day.

An unit with a maximum and minimum power output of 450 and 50 MW, respectively, is

considered. The linear cost function of this unit is equal to 12 e/MWh. We consider three

different (realistic) forced outage rates (RTS, 1999):
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- FOR = 0%. Unit failures negligible.

- FOR = 5%. MTTF = 950 and MTTR = 50.

- FOR = 10%. MTTF = 450 and MTTR = 50.

A set of 30 availability scenarios is generated for each value of FOR as explained in

Sections 2.2 and 2.5. Note that only one scenario is needed for the no failure case.

Two forward contracts that span the first and the second month, respectively, are consid-

ered. Additionally, the electricity producer can acquire an option to sell electricity during

the second month. The price of the forward contract spanning the first month is equal 52.5

e/MWh. The price of the forward contract spanning the second month at the beginning of

the first month is set to the value of the strike price of the option in order to compare both

derivatives on equal terms. Different strike and option prices are considered throughout the

case study in order to analyze all possible alternatives.

An approximate scenario set representing the forward prices at stage 2 is generated based

on the fact that forward prices tend to equal pool prices as maturity date approaches. To this

end, we first calculate the average value of each one of the 30 generated pool price scenarios

over the last four weeks as

λP
(ω) =

∑NT
t=NT1+1

λP
(ω,t)L(t)

NT − NT1

. (7)

Next, taking into account the probability of each scenario π(ω), the expected value and

the standard deviation of those average pool prices, denoted by ρ and ϑ respectively, are

determined as follows

ρ =

NΩ∑
ω=1

π(ω)λ
P
(ω) ϑ =

√√
NΩ∑
ω=1

π(ω)

(
λP

(ω) − ρ
)2
.

Three forward prices are then considered, namely, ρ − ϑ, ρ, and ρ + ϑ. Table 1 provides

the forward price scenarios and their corresponding probabilities. If needed, forecasting tech-

niques can be used for generating forward price scenarios in a more precise manner.
It should be noted that if forward contracts spanning the second month can be re-traded

at stage 2, the final scenario tree is obtained by combining all pool price scenarios, all avail-

ability scenario, and the three scenarios representing the uncertainty of the forward prices.
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Table 1: Forward price scenarios.

λ2
c2 ω

30.9 36.6 42.4

Probability 0.25 0.5 0.25

4.2. Forward contract vs. option

In order to analyze the advantages of buying an option to eventually sell electricity versus

selling electricity through a forward contract, two different cases are considered below. In

case (a), the electricity producer sells 200 MW through a forward contract spanning the

second month at 32 e/MWh, i.e, the variables P1
c1

and Po are fixed to 200 and 0, respectively.

In case (b), the producer purchases a put option of 200 MW to sell electricity during the

second month at a strike price equal to 32 e/MWh, i.e, the variables P1
c1

and Po are fixed to

0 and 200, respectively. The option price is set to 0.3 e/MWh to highlight the advantages

and disadvantages of selling electricity through either a forward contract or an option. Table

2 contains the CVaR of the producer profit distribution for cases (a) and (b), different FOR

values, and risk-aversion levels α. In this first analysis, for simplicity, re-trading of forward

contracts in stage 2 is not considered. The values in Table 2 are obtained solving different

instances of problem (4).

Table 2: CVaR comparison considering either a forward contract or an option (no re-trading).

α
FOR = 0% FOR = 5% FOR = 10%

Case (a) Case (b) Case (a) Case (b) Case (a) Case (b)

0 19.07 19.68 18.78 19.39 18.51 19.11

0.5 18.32 18.34 17.92 18.03 17.60 17.75

0.9 17.75 17.71 17.13 17.16 16.76 16.78

First, note that for eight of the nine cases presented in Table 2, the CVaR of the electricity

producer if the option is purchased is higher than that obtained if the forward contract is

signed. Observe, however, that these CVaR values may significantly change as a function of

the option price.
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Next, we separately analyze these results depending on whether or not unit failures are

considered. If the unit failures are neglected (FOR = 0%, second column block of Table 2)

and the electricity producer is risk neutral (α = 0), the CVaR increases a 3.2 % from case (a)

to (b) due to the fact that the producer can decide, at the end of the first month, whether or

not to exercise the option according to the pool price forecasts for the second month.

To provide further insight into the exercising of the option by a risk-neutral electricity

producer (α = 0) owning a non-failure production unit (FOR = 0%), Table 3 indicates in

the first row the average value of the pool price over the last four weeks depending on each

possible realization of the pool prices during the first four weeks (ten alternative values).

These values are computed as

E2{λP
(ω,t)} =

1∑
ω′∈S (ω)

π(ω′)

1
NT − NT1

∑
ω′∈S (ω)

NT∑
t=NT1+1

π(ω′)λ
P
(ω′,t)L(t).

The second row of this table provides the corresponding value of the binary variable

y(o,ω), which represents whether or not the producer exercises the option. Since a risk-neutral

electricity producer seeks to maximize the expected profit, the option is only exercised in

the cases in which the average pool price for the last four weeks (E2{λP
(ω,t)}) is lower than

the strike price (32 e/MWh). If the average pool price is higher than the strike price, the

electricity producer makes a higher profit by selling its electricity directly in the pool and

therefore, the option is not exercised.

Table 3: Option exercise depending on the average pool price during the second month for α = 0 and FOR =

0%.

E2{λP
tω} 37.0 31.6 37.8 43.7 39.7 37.3 31.2 44.4 39.7 40.0

yoω 0 1 0 0 0 0 1 0 0 0

To analyze the results provided in Table 3 for a risk-averse electricity producer (αP = 0.5

and αP = 0.9) owning a non-failing production unit (FOR = 0%) we have to keep in mind two

important points. One is that a risk-averse electricity producer focuses on the lowest profits

of its distribution, and the second one is that if unit failures are disregarded, the electricity

20



producer only faces the uncertainty related to pool prices. Thus, from a sufficiently high

risk-aversion level and a FOR equal to 0%, both the forward contract and the option become

attractive to the electricity producer as instruments to hedge against this price risk. Observe

that in that case, it may become more profitable just selling electricity through the forward

contract rather than through the option so as to save the nonrefundable fee of the latter. In

this vein, note in Table 2 that for a value of αP equal to 0.5, the CVaR obtained in case (b) is

only 0.1% higher than the CVaR of case (a). Moreover, for αP = 0.9 the CVaR obtained if

the option is purchased is indeed lower than that achieved if the electricity is sold through a

forward contract during the last month.

If unit failures are considered (FOR 5% and 10%, third and fourth column blocks of Table

2, respectively), the CVaR obtained buying an option is higher than that achieved with a

forward contract for all risk-aversion levels. The reason is that the option allows the producer

to avoid low profits due to both low pool prices and unexpected unit failures.

Table 4 contains the value of the binary variable yoω as a function of the average pool

price during the second month (E2{λP
tω}) and the status of the unit at the end of the first

month (kNT1ω
). For clarity, only three values of the expected pool price are presented: a high

value (44.39 e/MWh), a medium value (39.73 e/MWh), and a low value (31.57 e/MWh).

Observe in Table 4 that for a low average pool price the option is exercised for all availability

scenarios. On the other hand, for a high average pool price, the option is not exercised to take

advantage of selling the electricity in the pool. However, for a medium average pool price,

the electricity producer exercises the option in these cases in which the unit is available at the

end of the first month because, in such a case, it is more likely that the unit is also available

during the second month. Note that in this case and due to the high risk aversion of the

producer, the option is exercised even in the case in which the strike price is lower than the

expected pool price during period 2. On the other hand, for a producer with a comparatively

smaller risk-aversion level (Table 5), the option is only exercised if its strike price is higher

than the expected pool price during period 2.

In the previous analysis, forward contracts spanning the second month are only traded

in stage 1 at known prices. Next, we include the possibility of re-trading forward contracts
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Table 4: Option exercise depending on the average pool price during the second month and the status of the unit

at the end of the first month for α = 0.9 and FOR = 10%.

E2{λP
tω}

kNT1ω

1 0 1 1 1 1 1 1 0 1

44.4 0 0 0 0 0 0 0 0 0 0

39.7 1 0 1 1 1 1 1 1 0 1

31.6 1 1 1 1 1 1 1 1 1 1

Table 5: Option exercise depending on the average pool price during the second month and the status of the unit

at the end of the first month for α = 0.5 and FOR = 10%.

E2{λP
tω}

kNT1ω

1 0 1 1 1 1 1 1 0 1

44.4 0 0 0 0 0 0 0 0 0 0

39.7 0 0 0 0 0 0 0 0 0 0

31.6 1 1 1 1 1 1 1 1 1 1

in stage 2 at the prices contained in Table 1. Table 6 provides the optimal CVaR values for

different FOR and risk-aversion levels. In case (a), the producer can re-trade in stage 2 the

200 MW sold in stage 1 at 32 e/MWh. In case (b), the producer buys an option with a strike

and option price equal to 32 e/MWh and 0.3 e/MWh, respectively. The values in Table 6

are obtained solving different instances of problem (4).

Depending on the updated forward price, if high pool prices occur during the first month,

the producer may buy 200 MW trough the forward contract spanning the second month to

close its position and be able to sell all its production in the pool. Note that although the

optimal CVaR obtained by purchasing the option is higher (case (b)), the re-trading of forward

contracts in stage 2 allows the producer to increase its CVaR if compared with that contained

in Table 2 (case (a)).
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Table 6: CVaR comparison considering either the purchase of a forward contract or an option (with re-trading).

α
FOR = 0% FOR = 5% FOR = 10%

Case (a) Case (b) Case (a) Case (b) Case (a) Case (b)

0 19.38 19.68 19.09 19.39 18.82 19.11

0.5 18.34 18.34 17.97 18.03 17.66 17.75

0.9 17.75 17.71 17.15 17.16 16.78 16.78

4.3. Optimal Po

In the previous analysis, the variable Po is fixed to certain values in order to highlight the

differences between selling a given quantity of electricity either through a forward contract

or an option. In this section, however, we solve the optimization model (4) to identify the

optimal amount of energy sold through the forward contracts spanning either period 1 (P1
c1

) or

period 2 (P1
c2

), as well as the optimal quantity to be sold through the option contract spanning

period 2 (Po). Table 7 contains the optimal values of both P1
c2

and Po for different values of

the risk aversion parameter and FOR. The forward and strike price are equal to 32 e/MWh,

and the option price is 0.3 e/MWh.

Table 7: Optimal values of P1
c2

and Po (MW).

α
FOR = 0% FOR = 5% FOR = 10%

P1
c2

Po P1
c2

Po P1
c2

Po

0 0 0 0 0 0 0

0.5 0 145 0 450 0 450

0.9 450 0 61 389 2 372

To analyze the results in Table 7 we have to take into account that the amount of elec-

tricity sold through the option by the electricity producer basically depends on the proportion

between the number of scenarios under which the option is exercised and the number of

scenarios under which it is not. That is, if the put option is exercised under practically any
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scenario realization, the electricity producer sells its production through the forward contract

to save the option price. Likewise, if the put option is not be exercised under any circum-

stances, the producer sells the electricity directly in the pool. In contrast, as the exercising of

the option increasingly depends on the scenario realization, the amount of power sold through

the option increases. That said, we can observe that, independently of its forced outage rate,

a risk-neutral producer sells all its production in the pool, in which the clearing price during

period 2 is expected to be higher than both the forward and the strike prices. Secondly, if

the risk aversion parameter increases up to 0.5, the producer is willing to sell some of its

production through the available option to hedge against the price risk without increasing too

much the probability of having low profits due to unit failures. Note that the quantity sold

through the option increases as the production unit becomes more susceptible to failure to

hedge against both the price and the availability risks. Lastly, a highly risk-averse producer

increases the electricity it sells through forward contracts in order to avoid paying the option

price.

4.4. Maximum option price calculation

In this subsection, we calculate the maximum option price (λO∗
o ) that the electricity pro-

ducer is willing to pay for a given option as described in Section 3.2. Fig. 5 depicts the

maximum option price as a function of the strike price of the option (λS
o) for two values of

the risk aversion parameter and three different forced outage rates of the production unit. A

put option of 200 MW is considered. Forward contracts for periods 1 and 2 are considered

to be traded only at stage 1, i.e., no forward re-trading is allowed at the beginning of stage 2.

Moreover, the price of the forward contract spanning period 1 is set to 52.5 e/MWh, while

the price of the forward contract covering period 2 is considered to be equal to the strike price

of the option.

First, observe that for both very low and very high values of the strike price, the maximum

option price is equal to zero. If the strike price is very low, the option is not exercised for

any possible realization of the pool price during the first month and therefore, the electricity

producer decides selling all its production in the pool. On the other hand, for high values
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Figure 5: Maximum option price as a function of the strike price for different forced outage rates and risk-

aversion levels.

of the strike price, the option is exercised in all cases and therefore, the electricity producer

prefers buying a forward contract at the strike price to save the non-refundable fee of the

option.

Considering the no failure case (FOR = 0%), and comparing the two risk-aversion levels

(Figs. 5(a) and 5(b), respectively), we can conclude that the maximum option price decreases

if the risk aversion increases. The reason is that for a risk-averse electricity producer, the

option is exercised in all cases to hedge against pool price volatility (even for low values of

the strike price) and therefore, the producer would rather sell its production through forward

contracts to save the non-refundable option fee.

Observe that for α = 0 (Fig. 5(a)), the maximum option price is the same regardless of

the value of FOR. In other words, considering the low values of realistic forced outages rates,

if the expected profit is maximized, the pool price uncertainty has the highest influence on

option decisions, i.e., the option is exercised or not based only on the probability of experi-

encing low or high pool prices. On the other hand, for a risk-averse situation (α = 0.5), the

higher the forced outage rate, the higher the maximum option price. The reason for this is

that the lowest profits are obtained when unit failures occur and therefore, a put option can

be used to reduce the availability risk during the second month.

A case of particular interest arises if the strike price of the option is equal to the expected
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pool price during period 2 (36.6 e/MWh), i.e., the case of a risk premium equal to 0. Table 8

contains the maximum option price if the strike price is equal to 36.6e/MWh. Note that even

in this case both risk-neutral and risk-averse producers are willing to pay an option price in

order to postpone their respective decisions until it is known whether or not high pool prices

realize or forced outages occur during period 1.

Table 8: Maximum option price for a strike price equal to the expected pool price during period 2 (36.6

e/MWh).

α FOR = 0% FOR = 5% FOR = 10%

0 1.42 1.42 1.42

0.5 0.98 0.51 0

As indicated in Section 3.2, the maximum option price is an index to measure the max-

imum increase of the objective function of problem (4) due to the purchase of an option.

This increase is caused by the additional information of the uncertain parameters that be-

come known between the purchase of the option and its exercising. In Fig. 5, the maximum

option price is calculated considering that the realization of both the pool price and the unit

availability during the first month have influence on the option exercising. In order to isolate

the effect of the unexpected failures, we replace constraints (4k) and (4l) with the following

ones:

P2
c2 ω
= P2

c2 ω′ ∀c2,∀ω,ω′ : ω′ ∈ Qω (8)

yoω = yoω′ ∀o,∀ω,ω′ : ω′ ∈ Qω (9)

where Qω = {ω′ : (ktω′ = ki tω,∀t = 1, . . . ,NT1)}. This way, the maximum option price

depicted in Fig. 6 as a function of the strike price is calculated considering that second-stage

decisions only depend on the unit availability at the end of the first month. A risk-aversion

level equal to 0.5, two values of FOR (5 and 10%), and different values of the mean time

between two consecutive failures (MTTF) are considered.

Comparing Figs. 5 and 6, we observe that the maximum option price is lower if the addi-

tional information associated with the pool price realization is not taken into account (Fig. 6).
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Figure 6: Maximum option price produced only by unit availability for different forced outage rates and

MTTF’s.

Secondly, note that a higher forced outage rate implies a higher maximum option price since

in such cases the option becomes essential to avoid low profits. Moreover, for the same value

of FOR, the higher the MTTF, the higher the maximum option price since the reduction of

the availability uncertainty during the second month is more significant (see Fig. 1).

5. Computational burden

The simulations presented in this paper have been carried out using CPLEX 12.1.0 (CPLEX,

2011) under GAMS (GAMS, 2011) on a Sun Fire X4600M2 with 8 Quad-Core processors

running at 2.9 GHz and 256 GB of RAM. If a set of 900 scenarios is used to represent the

uncertainty related to the pool price and the unit availability, the computational time required

to solve any of the instances considered of the three-stage optimization problem (4) is lower

than 20 minutes.

6. Conclusions

This paper proposes a multi-stage stochastic programming model to determine the op-

timal involvement in the futures and pool markets by a risk-averse electricity producer if

options to sell electricity are available. It is shown that, despite the non-refundable cost of
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an option, the reduction of the uncertainty faced by the producer at the time when it has to

decide whether or not to exercise the option diminishes the probability of having low profits.

In this sense, we have verified that purchasing an option reduces the risks faced by a electric-

ity producer that are related to both pool price and unit availability uncertainties. Moreover,

quantitative tools based on multi-stage stochastic programming are developed and reported

for optimal decision making pertaining to forward contracts and options.

A. Conditional Value-at-Risk

This appendix provides a brief mathematical description of the Conditional Value-at-Risk

(CVaR) of a probability distribution.

Let χ be a random variable whose probability distribution is depicted in Fig. 7(a) and

whose cumulative distribution function Fχ(·) is represented in Fig. 7(b). The Value-at-Risk

of a probability distribution for a confidence level α is equal to the α-percentile of such

distribution and is calculated as follows

VaRα(χ) = qα(χ) = min{τ : Fχ(τ) ≥ 1 − α}. (10)

Since the VaR does not have some desirable properties as a risk measure, the CVaR is

commonly used as a coherent risk measure in decision-making optimization models (Pflug,

2000). The CVaR is defined as the average of those values of the probability distribution

lower than the value of the VaR (shadow area in Fig. 7(a)), i.e.,

CVaRα(χ) = Exp{τ : τ ≤ VaRα(χ)}. (11)

Within a stochastic programming framework in which uncertainty is characterized via a

scenario set, the CVaR can be calculated by solving the following linear optimization problem
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Figure 7: Conditional Value-at-Risk calculation.

(Rockafellar and Uryasev , 2000):

CVaRα = Maximize
ζ,ηω

ζ− 1
1 − α

NΩ∑
ω=1

πωηω (12a)

subject to

− χω + ζ − ηω ≤ 0 ∀ω (12b)

ηω ≥ 0 ∀ω, (12c)

where χω corresponds to each discrete realization of the stochastic variable χ, whose proba-

bility is equal to πω. ζ is an auxiliary variable whose optimal value is equal to the value of the

VaR, and the optimal value of ηω is the difference between the VaR and the value of the profit

for those scenarios with a profit lower than the VaR, and 0 otherwise. Therefore, the optimal

value of the linear expression (12a) corresponds to the average of all the profits smaller than

the VaR.

B. Notation

The notation used in this paper is presented below for quick reference.

Indices and Numbers

c1 Index of forward contracts spanning period 1 (from 1 to NC1).
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c2 Index of forward contracts spanning period 2 (from 1 to NC1).

i Index of production units (from 1 to NI).

o Index of option contracts (from 1 to NO).

t Index of time steps (period 1: t varies from 1 to NT1 ; period 2: t varies from NT1 + 1 to

NT ).

ω Index of scenarios (from 1 to NΩ).

Continuous variables

PG
i tω Generated power by unit i in time step t and scenario ω (MW).

PP
tω Power sold in the pool in time step t and scenario ω (MW).

P1
c1

Power sold through forward contract c1 at stage 1 (MW).

P1
c2

Power sold through forward contract c2 at stage 1 (MW).

P2
c2 ω

Power re-traded in stage 2 through forward contract c2 in scenario ω (MW).

Po Power sold through option contract o (MW).

ζ Auxiliary variable related to the CVaR (e).

ηω Auxiliary variable in scenario ω related to the CVaR (e).

Πω Producer profit in scenario ω spanning the whole study horizon (e).

Binary variables

ui tω Binary variable that is equal to 1 if production unit i is online during time step t and

scenario ω, and 0 otherwise.

yoω Binary variable that is equal to 1 if the producer exercises option o under scenario ω,

and 0 otherwise.

30



Random variables

λP
t Pool price in time t (e/MWh).

ki t Availability of production unit i in time t (1 if available and 0 otherwise).

λc2 Price of forward contract c2 at stage 2 (e/MWh).

Constants

Ci Linear production cost of production unit i (e/MWh).

ki tω Availability of production unit i in time step t and scenario ω.

Lt Duration of time step t (h).

Pmax
i Capacity of production unit i (MW).

Pmin
i Minimum power output of production unit i (MW).

Tc1 Duration of contract c1 (h).

Tc2 Duration of contract c2 (h).

To Duration of option o (h).

α Per unit confidence level (risk aversion parameter).

λ1
c1

Energy price of forward contract c1 at stage 1 (e/MWh).

λ1
c2

Energy price of forward contract c2 at stage 1 (e/MWh).

λ2
c2 ω

Energy price of forward contract c2 at stage 2 and scenario ω (e/MWh).

λS
o Strike price of option contract o (e/MWh).

λO
o Option price of option contract o (e/MWh).

λP
tω Pool price in time step t and scenario ω (e/MWh).

πω Probability of occurrence of scenario ω.
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Sets

F1
t Set of forward contracts c1 available during time t.

F2
t Set of forward contracts c2 available during time t.

Ot Set of option contracts available during time t.

S ω Set of scenarios whose uncertain parameter values during period 1 are equal to those

associated with scenario ω, i.e.,

S ω = {ω′ : (λP
tω′ = λ

P
tω, ki tω′ = ki tω,∀i,∀t = 1, ...,NT1) and (λ2

c2 ω′ = λ
2
c2 ω
,∀c2)}.
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